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The work of Kleene [1] and of Rabin and Scott [2] has 
Peermeeca tie = impetus for the current interest in the alge- 
Meare propercies of the classes of languages corresponding 
€O various classes of automata or accepting devices. Asa 
mesultr or the recent studies of Ginsburg and Greibach [3], 
Peudt ror metivod Of procedure has been employed for research 
mae cis Girection. they censi@ered six basite operations, 
emer Of Union (+), concatenation (.), Kleene star (*), 
BegulaG eVene Intersection, homomorphism, and inverse 
homomorphism, and defined a (full) "abstract family of 
fanguages as a Men-empty class of Gvents closed under 
BiesoweAbl “Operations. The class of regular events then 
mecomes the “smallest (full) AFL and the need for regu- 
Pion ye romruncdanental tor the study of AFL's . If we let 
S be a collection of events (over a finite alphabet) closed 
Magen Ene regular eperations Of +,., and *, then the 
mceeren or the closure of avclass™of events Jon S under 
Geqular intersection, homomorphism, and inverse homomorphism 
becomes one of examining the class-preserving operators 


Persomeelinvadditien, the algebraic structure of S induces 


ee ia 
—_— _ 


«Fs 





pomalgqeoraic stmucture on the class, @ [S] say, of operators 


BOEumommcnat 1S, for 2 and ¥ in Ox Sie we define: 


(+ YO(E]) = RE] + ¥[El, 
QY[E] = oQ[¥[e]], 
Cee — eer ere aoe iE] +... 
Bor di cvence 2 in oS. Thus we are led to an investigation 


Stpenme algebra Of Operators for S, anes pareicuian, <oO a 
Scucdy of ene regular algebras of class=preserving operators 
EOr Ss.) Defining a regulator as an operator which maps 
mectilde events to reqular events, Our basic aim in this 
@iSsertacion iS to study the algebra of regulators and we 
show that the questions on the closure properties for 
Porous mwClaoses GF CVents Ehen Lind a natural Setting in 
Enis context. 

Ceidpe Gel eromdneiieroaucelOnusto ene theory of Operators - 
HOt arbitrary classes of events @. , ® Puig em: we introduce 
Ene notion of a class of generalized Reo eons, Ig tee 
the operators of which are C -class functions over a finite 


number of ordered pairs of the form, 





[2] = ((V] |wea, A an event in @ and veB, B an event in 03}, 


MWietestnhe COMpPOSition is component wise, and we establish 
Some preliminary results on their properties. We then 
Peeve a general theorem on the Peirce product of two 
transductions which has many implications. 

In Chapter 2, we show that the general theorem provides 
Memwttn a large Class Of regulators, the operator class, 
fun , where A Pr ieme@lloctLon Otvarblitrary events, 
and QQ Pct ewco Locttonmeet cregtiar evento. Tas class 
iacludes the Operations of homomorphism, inverse homo- 
morphism, regular event intersection, regular substitution, 
inverse substitution, event derivation or quotient, regular 
Poe ShuUtelingw, sand Many others. We also obtain several 
eaaracterizZations Of full AFL's, and full AFL's closed under 
Mite cWIscheEuciOn, in terms Of generalized transductions. 

Chapter 3 is an investigation of several classes of 
Beguldtors which themselves form regular algebras. Of 
Peectat IMterest is the class of total regulators, operators 
Woeecwemlanpecvery event tO a regular event, and it is shown 
that this class can be inserted into any regular algebra 
Semeegutators. We then consider the effect of the regulators 


Semele wcentcext>onee languages, and COntrast the results with 





Poe werGst Ppalsewor the chapter. 

Picicdpcer 4, the algebra of commutative regular 
Svyemes 1S studied. We establish its algebraic properties 
egeeprovide a proof that the axiom scheme of Redko suffices 
to prove all tautologies in the algebra. We also point out 
Ene flaw in Redko's original proof. 

PplLovingesene Structure developed in Chapter 4, the 
fmaet Chapter 1S a study of the regulators for commutative 
Mem@ecemu We floSt Show that reqular equations of a certain 
form have regular solutions, and obtain Parikh's theorem 
ee che vcOMmMucaLlVve image Of a context-free Tau veiviewe: as a 
foe cm odsc MCeLOeCT ecxamine Che properties of the regqu= 
lators for commutative events analogously to the non- 
Pemmucact ve Case Of Chapters 1-3, and conclude with some 
BSemyeccures about a very large class of regulators for the 
SoniutatiVemevents ene proof Of which might have several 
mrceresling implicakzlons in the study of the context-free 


languages. 


Eocliminaries 
Boe ocedimntinite Set of symbols, called letters. 
PeVeccomrseastinite formal sequence of letters in £, possibly 


empty, and an event is a set of words over a finite subset 





fem, enie alphabet V say. As usual, we do not distinguish 
Peewee oteer and the corresponding word of length 1, 
Memmoetcween a word and the corresponding event of 

cardinal 1. We will denote letters ee een, EWOEGS as 


[eves , ana CVvents as BE, F, ..., .- We define: 


E+FsEVUV Emenee set, Union of £ and F, 


PE ecleneaworas; seen, fehl, (E.F can be written EF), 
Pee Ee Eo 4. =) E”, 
n>O 
O _ n n-1 
iierem=ne — 1, the empty word, E = E.{E Ne 


ree eecocean index set A, 
Qa a 
acA acA 


Pidewe partially order events by defining 
teow er: and Only if B + = FF. 


Pe sconheememea Geona, 5, 15 a S€t with three operations 
ae Oc uined On it, called the standard operations, 
with special elements 1, O (the empty event), such that 
Siz: } E, = 0 if A is the empty set, 

acA 
ce))6l)tCté“‘ziSC<@SCS ) E 


acA BeB 5 Be UB, 
e acA 


Bg! 





Bee) 5.1 = 1.E = 8, 


sae (EP) SG = B.(F.G), 
ae Ll) UE = ) (ar) 
acA * BeB RB <a,8>eAxB aoe 
Boe S* = | & where N = {0,1,2,...}. 
nelN 


NOV heMatrices Over an S-algebra form an S-algebra 


mith the Operations of 2, (M.N) 5) = ; ee 1 ehe nxn 


Pete vyeiidcsix,) © theenm zero matrix, and M* defined by 


Bo. sAlso at is clear that in any standard algebra, E*G 


is the least F satisfying F G+ EF, and this enables one 


cOuDrove: 


A 8B : ’ 
[oO = 7S oa Matrix Over an 


eealgeora which iS partitioned so that A,D are square, then 


Theorem (Conway [4]). If M 


(A*BD*C) *A* (AS BD*C) *A*BD* 


Ss 
* 
iI 


(D*CA*B) *D* CA* (D2 CAE 1)* 


We call arbitrary events standard events, (in the class 
»d ancdmatecventmlcesald to be regular if and only if it 


can be obtained from 0,1, and the events, a, (in some finite 





Miowasee vy) sy Cepeated applications of +,., and *. 
immedrticular, the theorem above implies that the star 
Vr Niacrix Wltun cegcular G@vyents as Entries 1S again a 


Matrix Of regular events. 


Pweeec al ama ebadweh ets ed see With special elements 
Secicdet, sand so oeracions +,.,*, (the reqular operations) which 
Paclsejeolle the —rOrmal laws which +,.,*,O0,1 satisfy in 
eveny oralgebra. 

Let (R Ceroce elomebascvOL Legular CVvents; then it 
is clear that the regular events (over a finite alphabet) 
form a requiar algebra. The work on regular events has 
been extensive, and we list here some results for historical 
Beasons and for the sake of completeness. 

We define a finite machine, M, as a 5-tuple, 
{S,V,T,s.,F}, where, 

(i) S is a finite set of states, 

Se ero ecer inate set Or input letters, 

we 1s aerincerzon, T: Sxv¥>+S, the transition function, 
(iv) oa is a state in S, the initial state, 
(v) F is a subset of S, the final states. 


POmna WOGd, V = a. «ea. , a. cV, we define 
it i, ee 





T(syrv) = eee Ov aun V2 
Biemean event © 1S Said to be representable if and only 
if there exists a finite machine, M, = {S,V,T,S),F}, such 
that 


Vek Gf andoniy if T(soeV) e F. 
Kleene's classic theorem is: 


Rieene Theorem: An event E is representable if and only 
Pritts regular. 
maus we have agtinite machine characterization for 

the regular events. Rabin and Scott in a later paper [2] 
Showed that if T above was a relation, that is, M was a 
finite automaton, the result was still valid, and in 
Particular, that ® was closed under event intersection, 
complement (with respect to a fixed alphabet), and word 
oacasit erate ts, ©£Or a reguiar event, E, the event 
i wee, w! the mirror image or transpose of w} was regular. 

Bezozowski (5) introduced the notion of differentiation 
(we use here left differentiation), that is, for agV, and 


ammevent if, 


- i 





6 {E] = {w|aweE}, is called a letter derivate, and 


mera WOrLd, V = a. «+-a, ,a.€V, 
1, i, i 


6 [EF] = aa Lea. iia 1 il ceaacaed ile: 
n n-1 a 
is called a word derivate. 


We can then define an event derivate as 


6 .[E] = ) 6 -[E] ="iwitwek for some fer}. 
hep 
Theorem (Brzomwski, Conway): The word (respectively, event) 


eee eomorna regular event E are regular events, and E is 
PeceGGlanrevent lt anasonly ai & has a finite number of 
word (event) derivates. 

Wemeone Mace tLhniS=d1scussion Of regular events by 
DAiELOcuc ncmene AeCOmMpDosi tion theory or factor theory 
for (regular) events, again due to Conway [4], which is 


DaSic for the proof of some of our results. 


DepmiLeEton:  For™an event E, 
PiGere.s ties sJ.K 1S a subfactorization of E if 
Emer. eR < EB. (*) 

1 1°%1 Geminatestarsubfactorization if 
K<K 


BL -G,++-H een o KX 


By eGy oe eH) - 20d, Ry < 





LO. 


Peceomi Nets Maximal 1f it cannot be increased 
Witnout violating the inequality (*). A factorization 
Seow ts a subfactoOrization in which each term is 
Maximal, and a factor is any element which can appear 
faa factorization. 

Now any subfactorization is dominated by a factor- 
ization (not necessarily unique) in which every maximal 


PemileiS Unehangeds 8ihis enables one to prove: 


Menmas Ahy LactOr 1S a central factor in some 3-term 


Pactorization. 


femoaveciiac © load (che (respectively, right) factor 
Zor ecdmedppeameat the left (right) in a factorization, 
and, as in the lemma, any left factor (right factor) is 
flo mennactOn (Glguit tacren) in some two term factoriz= 
Sreon me uence the Condition that LR be a factorization 
defines a (1-1) correspondence, L&¥R, between left and 
megiltmractOrs We index left and right factors, L., R., Len, 
Somehnat L,<7R,, and we define the event ne by wche 
Pencucion that b.2..R. be a subfactorization in which 


ees) 


Eas is maximal. Thus, eae is a factor, and by the lemma, 


any Eactor H is central in some 3-term factorization, LHR, 





ine 


so that H = E. 4 ieameooOle l,j, not necessarily unique. 

imeaddattien, we have that 1.E is a subfactorization in 
which E is maximal, hence dominated by a factorization 
LE for some £. SoE = Ros and Ly = Laerusther,1or 


amy 1, 


12 CEs a ES 


As L..R. must be maximal in this, we have that L. =E_. 
lie 1. ate Li 


for each i, and hence that E = L, = Boy (by the 


symmetric argument to the one above for E.1 < E.R, < Eee 


Theorem (1) Each ES is a factor and each factor is an ce 


(Zee rhere ECxise indices &,. r, such that 


Maus the factors naturally form a square matrix, among 
Eve entries of which is E. 


Now as right factors are the maximal events R such 


PiaeeK.R < & for some K, we have that, 


Peeeebeitt KR < EH for every keK iff R < 6, [E] for every keK 


eee) 6 [E], 
keK 





es 


and as Ris maximal, 
R= f)\ 6,[E]. 
keK 
imvlewmor sthewiact thatwE is regular if and only if E 


nas finitely many word derivates, we have: 


mocorem>: E has finitely many factors if and only if E 


es, regular. 


MenceymeOnecdersegulan event E, the factor matrix, | Ble 
oeeiii te metal Ss edioveroushow othatw(i) 1 < Beas 
ri) ee. zs, Baye ciceiil) A.B < Eek ieand Omly ii 
Plerewexists q  .suchethat A < eye ences = Esk (Nencerm cor 
a word uveE, there exist factors L, and R such that 


ueL,, veR.). As a result, we have in addition: 


Theorem: Factors of factors are themselves factors, and 
mem@mae tegGUldeecvVent &, thie LaCtor Matrix, (=|, is its own 


Seatme cthuat is, 





Pk 


we’ conclude our preliminary remarks with a 
Praliatreal Characterization of some of the classes 
Semevencs witch we will study, and in particular, 
poeneanotherecharacterization of (X as the class of 
“vemacs generated by one-sided linear grammars. For 
PiewecGUlvalence Of Che event-classes and the corres- 
ponding Classes Of automata or accepting devices, see [6]. 
Definition: A grammar, [, is a 4-tuple, {VirVnrAgrP}, 
where 


(i) V,. is a finite alphabet, a a say, 


N 


Bic non ceorminal alphabet. 


Cri) Vin is a finite alphabet, fajre-ssa,} say, the 


Ecmminal alphabet . 
Gia) Ay) in Vv, is the unique initial non-terminal 
fetter. 
(iv) P is a finite set of productions of the form 


™ > y where a and w are words in ie + Pes 

FOr words uU, 2, in (Viv + Vin) *s Welte Ul 22 if there 
exists v and w in (Vis + Vip) * anaea production > Vin P 
such that u = vaw, and z = viw. Write u ~* z if there 


exists a finite sequence of words such that 


Peeve > se > Y + Zs 





14. 


For a word u in (ViotVin) *, Tet Im, (u) be the set 
bzeV,.*|u>*z}. The venguage (or event), L., generated 
by T is then Im, (A,) - 

Let °° denote ElemelassuOreCVeNnts genenated by 
Peaumarse This is a very large class of events and it 
eam De=shown chat it contains a coded form of every 
Becursively enumerable set. 

WewSay~ cle vasGealmar is context-sensitive if all 
productions have the form vAw > viw where A is in Viq 
and »y is a non-trivial word in (VitVin) *- The class of 
events, el, generated=by the context sensitive grammars 
(and possibly adding the empty word) is the class of 
eemeexe-oensitive languages, which correspond to the 
events accepted by the linear bounded automata. 

Pegouaiiagels Said co be context-free if every 
production in P has the left-hand side a letter in V,,, 


eiact LS, TEV Perio Uerior. Selous Class of grammars 


Seve maces tie comeext—-1ree lanquages, the class ae 


which corresponds “to the class of events accepted by 
push-down automata. c also includes the class of 


linear languages, G37 Willi cimebemcetehatea by COMntEext— 


free grammars in which the productions are of the form, 





Pe. 


A > bCd, where A,C, are in V. 


Ne end b>, a, in VpUV til, or 


Po bs 

AecOntcext-iLree grammar is said to be one-sided linear 
Mme u DrOdUerionsmetave the @orm, A > bC (alternatively, 
A> Cb), or A+ b, for A,b,C, as above, and these grammars 
feeorace tne Class Of regular Beenie Ow) as the productions 
Peerene gramnar arevwim fact qust state transitions when we 
Sonsider the finite automata with the set of states Vige 
We also have as a subclass on Cue the class of finite 
events, U , where F is in F Lewandsonly 16 P isa finite 
Sum Ofenon-trivial words, w. 

Weriave the tollowing relations between these classes 


of events, 


Ba Se Se CRS 


fieoe aliechiec amclusions are proper. 

Pigtail yy, we remark that when we define Y-class 
PUMetLOns FOr an arbitrary Class of events, % say, we 
shall understand that nC Pomettherathie empty class Or 
Semeainscea NON-empty word in some event. This precludes }- 
from being the exceptional event class, 4, consisting of 


only the empty event and l. 





Gye 


Chapter 1 


Gperacor Theory and Generalized Transductions 


Dimeitomeciapecneveslntroduce the algebra of operators 
Peaeotanaardualgedra. “Arter defining the class of gener- 
Meiezed tCoansauctions, we prove a general theorem on the 
PoemEcespPEOCUuCtEsOr EWO SUCh Operators, a result which has 
Zar ranging implications for the study of event classes, 
POGuilin Dartitcular, provides US with a large class of 
megulators. 

EStmon ced Ss talidamemalGeorka OVEr a Linite alphabet V. 
Let G(s] be the set of maps of S into itself. 

Petree on- elec O, 4, °C, respectively, denote the operators 


ae &YI[s] such that 


O[E] = 0, the empty event in S, 
Sea 5, 
C([E] = Ee the complement of E in S. 


PGmeoOoerators 2, Y in Ms], 


(Q+¥) [E] = Q[E}] + ¥[E], 
Q.¥[E] = Q[¥[E]], 
o*(E] = J a™[E], where 2° = 4, 9” = eo eee 


n>O 





JF EE 


and we partially order & [s] by 
fee iett and only if O/H] < ¥[E] for all E in S&. 


~ 
Let J [S] = {te O[s]|9[2E, ] > E2([E,]}, the super-linear 
operators, and we let & isoe {ve 7[s]|a[zE,] = IQ[E,]}, the 


imnear Operators. 
Bor in & ts], we define the dual operator 3, by 


9,[E] = {w]a[w] f\ E # 0} for events E in S. 


9 l 
petmiicmelsts (1) Forewords w and v in S, 


wed, [v] if and only if veg[w]. 


(2) Q<¥ implies that a, « 2d,. 


(JO Bore). in Calc 8, is in Biioie 


Proof: (1) and (2) are immediate from the definition 


of a (3): From (1) we have that wed. [E] ee eleal E # O. 


io 
Bileetiere Cxises vel Such that ven(w], iff there exists vek 
such that wed, [v], iff we 2 Pee and hence, eeeecie 

vek 
theorem 1.2: a9: O[S] + [Ss] is an anti-homomorphism 


mapping & to 96 such that: 





es 


a) 9510] =O, 3, = A, 96 = O, 
(2) 85,y = 899 + 2y 
(3) 85 y = %ye9Q ss 


ey 68 = 8oe 
A 
(5) 9 ee forego in Bisa and 
3 = Oi aicmonlyei& (2 2S in Picne 


Ecoors 09 1S well-defined in view of 1.1 (2). The proof 
of the theorem is immediate with the exception of (5). 


([EPtomeean event Eoin S. Then wea, {E] iff 


Consider 9 5 


Q 


there exists ene that vedolw], waden bye. at is 

equivalent to saying that we © Q[v]. Hence if 2 is in ste 
veE 

then or ioc, and ifen is in peice then ee = 2. Now 1 

PiolLres the converse, that is, if a = 2, then 2 is in 


o [S]- 

Berinatilon=s FOr words w and v in S, we define the operator 
W 

ele by 


vif w= u 


[(v] {ul = 
O otherwise. 





eS 


We extend the operator | ¥ | linearly S© tigateee> an event E, 


as L[vje. 


Baat is, [Wis aimOoperator in corey We also observe that 


‘twp 7 Led 


Pier ceMmpoOsition Of EwO Operators of this form then becomes: 


[v].[Z] = [2] sewn, ana 


O otherwise (the Peirce product). 


facoren 1.3; ete is generated as a standard algebra 
by operators of the form | for words w and v in S, 

Wiehe tie Operations Of Union, Peirce product, and star. 
Proof: For 9 in ¢ [S], let 2' = 2]%], (vea[w]). Then 


Seis a linear Operator, and for a word w in S, 


Q' [w] {viven[w]} = Q{w], 


that is, 2 = 2'. Wote that for operators 2, ¥, and ¢ in 





20 


(Ss), Wemleave the lett distributivity required for a 
Seaiedra algebra, that is, 2(¥Y +9) = 2.¥ + 2.6, a 


A 
eroperty lacking for et [S| operators. 


From now on, we identify each operator 9 of asi 


with the set ({y [| vealw] } of ordered pairs Dee 


meeouldnvyel.o-l- FOr a linear Operator 0, 


3 3 = {{% 3 ge 
ST] I veatw) 3 Lal lveag (v1 


Transductions 


Let E be an V-class event in a standard algebra 
over the alphabet eee Associated with E is a 


BunctroOn, £, OL n Variables, Sapna Pass Say, such that 
eo os = — Gs seeeea , (a, Bete re a. cE). 


Meecall functions of this type X -class functions. 

For a class of events ‘Y, let X (Y) denote the class 
of events of the form £ (Pi ,--+-F,), where £ is an 7 -class 
function of m variables, meN, and Fyreees Foy are U -class 


events. 





Dave 


TIES We is equivalent to saying that the class 
of events Be Tseclosea under “full substitution” in the 
sense of [3]. For example, it follows from our definition 
Seeecregular events that On (CR ) CR Peas an Gvent Which is a 
meqular function of regular events can also be obtained 
meom O, 1, and a finite alphabet by a finite number of 
eeiicattons of +,., and *. The fact that C(€) © € 
is also well known [©], and trivially we have that 
Bo) eg. 

Let ils represent the subclass of & 1s] that 


preserves _-class events, that is, 
% [s] = {ae C[s] | Ton every  -event Hein Shoei) as ie fe 


ties clear that FIs] = A[s]. It is the investigation 
of Ris] Eat motivates the following definitions. 
For standard algebras Sy and Sos let Sa x So denore 
the standard algebra of orderd word pairs (or relations) 
W : 
Oi the form | © | for words w in Sy anda ii Sor Bes boli te aie 


operations: 
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aty= {[V]|("] in avyi, 
wWw.w WwW W 
Qx y= reed )* in Q, | 2] in ¥}, 
a2 i 2 
ie 
PR ce OX be cia) ’ 
) Q = Q 2 
acA © acA 


peer ce, Ci. s LS an Q-class function of its 
arguments, then we write EL (2,%,%,---) for the Operator 
Sptained from the linear operators 2,¥,%,..., and the 
ir 


BeeCrLOM © With Che Operations Of +,x, , and £ corres- 


Bonaing €© +,.,*, and © respectively. 


For an event E in Sy and an event Fin Sos we let 


[ a = { | |lweE, vert. 


For classes of events XK , Y pane ae let Eyres EL 
be (7 -class events, Foreeer FL be °Y -class events, and f 


an Q -class function of n variables. fThen, 





Zo. 


is said to be an | Ae Sere GuUceLOn,. Ob val Operator in 
Q 


nS 


Ene class I pelmeweomancCeCreneCeaQeac oa linear operator 
Q 


Mapping some standard algebra Sy tno So. Note nat |% | 
moecerined for all X-.Y -, and (Q-class events, not 
mecessarily in a fixed standard algebra. However, 2 is 

in some standard algebra Sy x So as the events Es Ee 


Zl 
above are over some finite alphabet. In our use of these 
Seo sacoro,;mve aSSumenwichout Toss of generality that S = Sy 
= So PomasscantarGaealgeora Over some finite alphabet, 
eae a Say, unless otherwise specified. 

Of Special interest is the operator class [A] , 
the biregular operators over we and uy, where we ae 


Beoulat functions With the operations of +, x, and i 


BOom@etie “Sake GCramOtatton, we usually write L% A La . 


Peoellary l.3-2-eror a Standard algebra 5S, 


Let fi isi = Lisi- 
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mEOOte Or an operator 2 in Peicile ieee S Seliaite 2 
ms Of the form Hall ven([w], which clearly is an 1, 


Seetatcon. The comverse is immediate. 


Definition: For an event E, we define the intersection 


Becrator iia by 


O.[Fl = — NF 


Pereall events F. If BE = £(a,b,c,...), then the operator 


’ a b c 
a is Ealilely ar pales) Portas class Of events U, 
we define the operator class (a, asmene (56t. On OpeChacers 


i) {= an event in }. For a class of events X%, we 


Genote the class Ma, 04 as 1G - (We allow this asymmetric 
motation in view of the fact that in our usage, u will be 


the class of regular nee -) 


We mew state the Main theorem for the Peirce product 


6f generalized transductions. 


Theorem 1.10: For classes of events OES , Se and c, 


swen that. le Q, 


a SJ. 3 (co). Cas Ec), 
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To this end we begin with some results which are 
Meececstor ENC proof of the theorem but also prove 


moieeresting in their own right. 


Weminiction: For standard algebras Sy with an alphabet 


feeand S. with an alphabet V a substitution, ¥, is a 


a 2 Dae 
minear Operator Mapping Sy to So such “tnat 


¥[E.F] = ¥[E].¥[F] 


for all events &, F in Vix- We say that ¥ is in the 
Operator class SUB. 

POn wea class7or events VU, Pols salarkO Oe sd 
XK -substitution (in the operator class 1 -SUB) if ¥[a] 
as an Y-class event for ain Vv, Vil}. Leen addi t2on, 
we have that ¥[1] = 1, ¥ is said to be a unit substitution. 

A homomorphism, $, is a unit substitution such that 
fe TECESowabe Map pea tO words. ¢ 1S Said to be in the 
Spemaceon Class HOM. = is a letter homomorphism if ofa] 
ce in V5 es for aeV,, and is a l-free homomorphism if 
¢[a] is in Veale 

For a substitution ¥ (respectively, homomorphism 9), 


dy (respectively ay) is called a dual substitution or 
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inverse substitution (respectively, inverse homomorphism). 
Lemma 1.4: SUB © ae 


fesoort: For ¥ ¢« SUB, it is sufficient to consider the 
effect of ¥ on the unit word and the letters of the 


alphabet in its domain. Then we have that 


a 


7 etal ae Es peal 


® 
ei Operator in (Sl. 
sorollary 1.4.1: Cl -suB Cc [SI for a class of events( . 


Pocollary 1.452: The operator classes HOM, HOM! R-sus, 


and °Q -SUB are subclasses of | % | : 


We now prove a decomposition theorem for [S | operators. 


Theorem 1.5: For a class of events 4 such that ic, 


and an operator ae | % |. 





Dales 


where 6 is an (@.-substitution, E is a regular event, 


exact 1S a letter homomorphism. 


mecor. ithe theorem is? proved for the case where 225,78. 
Wath the standard algebras over the alphabets Vie 
- tay r++ a} say, and V5: as Q (R) CR, we may 


assume that 2 is of the form 


of BED) - 


where ee are Q -class events and Nis a regular 
BUnCtILON. 


ay a Sy C 
Let (i) 6 = | | +eeet | + +eeet ] a | 
ab at A A 


al 


with {eyre++sCy} an alphabet of q letters distinct from 


emaease ie seis van C) —substitution, 


— 
a a c c 
(ii) 7 = | i +o.et e + : +o. q | , 
a, ile lies 


aT 


a letter homomorphism, 


(aii) 8 = eee ty eC! a regular event. 





a a e Cu) 
Then Ge. ithe 3 ce 6. j gee eg | ie 7 ‘| Pees | | e QO 
t re x “ 
a a e c 


fh fa} 
afm BD 8 


as was to be shown. 


® 
Berollary 1.5.1: For 2 Tal, Q = eeeoe where @ and 1t 


pcm Cttrer MOmomorpnisms and & a regular Event. 


Proof: as A(Q@) CR , we may assume that 2 is of the 


EO ri:, 


and @ above becomes a letter homomorphism. 


womae lary jess .2-meror a class o£ events ( SUChMEeEnat leh, 
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l 3 | & Q-sus. Xe: (Q-suB. 


Lemma 1.6: For a letter homomorphism ee e &-sus. 


Beoor- Lee 1 be a letter homomorphism mapping an alphabet 
= ti ea Seca Say, to an alphabet 
V5 = ee say, such that 


tla, ] = by t= 1s Oy and 


ao = a eee 
1 by b 47\" 
Tien, 3. = + | +eeet P oS 
eee a a 
pres tey: i . 


Paty idle sad SUDSELtUTIOn, and for i=l,...,p, a_[b,] isa 


regular event of the form See te.eta, ee 
a Ss 


where ray} = Dey t= lee ep Ss 

= 
Sosollary 1.5.3: QR SS UKea SUS. a : (=suB. 
aan e\=* R 


wemanition: For a VU -class fuRction £ of n variables, 
Xpress X, Say, and af -Clissesuneccionm G or m Variables, 


YyreeerY, Say, we Somnowelou@rdered parr function f£Ag 


iOenm Variables) as 
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eae yr XY KV 2 eo SK Vy? 1 SQ Yq?) 


m m n n 
ame Tagan Ani aK! 2 etiey ms - rf 1 <xyey,7) 


so that Souqs = Ky Yee? Sain 
tot P =p 


Yo eX V5? eo <K ye ee ee 


me ang Only if 1 aes € E(xXj400+7%,) and 


Ye c9¥, & Glyjreees¥,)- 
I P 


Lemma 1.7: ._ Let he and "UY be classes of events such that 


oc.) cS ge and “UY (F) cy - Then for an U -class Eun eCELOn 


£ and al EClascserumetilon GO, £/\g iS an ky -class function. 


Peoors the CVeEne interseccion Specified above is an 


ay -event (of ordered pairs of words), and thus an 


Baise *=° funct#on . 


Theorem 1.8: For classes of events & and wy, such that 


EWFlee, 


exe De cS ce (8) 





Sale 


Proof: Let g{(D,,---+,D.) be an CD) event where g is a 


© -class function and Dyreee sD. are events in Oo . Leu. se 


ema cegqular event and note that R (F ) cR as F CR. 
Now let | E | be the factor matrix for E and replace 
Sach factor ae by a variable re so that we transform 


| E | £Oo a Matrix e] say. We then consider Ce | Spun a 


Matrix of regular events in the variables Si4¢ and examine 


ene ee entry where E = Evy in | E | 5 Melsye! alse fe) safere(bllivebc 


munetion £ of the Cay: and as fEl* = f=] p we May replace 
EAacimvarlable im the function by its corresponding factor. 
Mauss we Obtain E as a regular function of its factors, 


Beaat is, BEB = £(E EW: where we have listed the 


ie ee 
factors of E with single subscripts for the sake of 


mocation. 


Then tor a word mer acd in the event g({D,,---,D.), 
a E D, , to be a word in the event E, there must be an 
2 J 
event Ey 22H, ery £(E,,---,8,) such that a € Eur i and 
1 Pp j j 
feaseaoove. Then 1-7 provides the result as we now have 


that 


£(Ej,- oy g(Dy r++ 1D) =£Ag (B,D, 1 ++ EVD 1+ + /EAND, 7. oan )E 


Zt 





Bz. 


where £Ag is an ER =Clacs ©SUNCEION, and ae is an 


event in Q : 


Theorem 1.9: For classes of events CL ; g , and oy, 


Pi (Gey 15) 2a (Bi L)). 


(as an equality if Bis invariant under all 


Permutations of 2. 


Proof: Any event in (2(B)) (8) or G(@( Hh) can be 
interpreted as an event of the form 2.¥ [i (x,,---,x,) ], 
where 2 is as -substitution, ¥ is a Q -substitution, 
pees an —class function over the variables XpreeerX> 


(Nowe that 92.¥ is a a eat eecnetone) 


Peoon Of 1.10: We consider the product of an operator 2 
abn) ca alidwareorveractor Y in Sl. ~~ ine View OL Ene 
£act that 0X R) c Od —mwe May assume that 2 is of the 


=Orm 





Bie 


where eae are (2 -class events andh is a regular 


mimereron., Further, as in the proof of 1.5, Q = 0-1 5-8, 
where 
+ 
a a c e 
(i) @= | ‘) teat | P| + | tet | a ’ 
di i A A 
| t q 


with Sos an alphabet of gq letters distinct from 


aa 


Pp 
(le so that 6 is an Q-substitution.) 


@i) E= ena is a regular event, 


S12] + Pe B) 


oi 


Il 


Ceili) = 


a letter homomorphism. 


ey Bn 
Lore ¢ . | Losey | where g is an 
D ee 


al 


E& ~class function, the Bat 3 -class events, and the 


ae ec ises events. We consider 


and we observe that 
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aT =| 
9. ¥ = Mes, : 
7x a_(D a_ (Dil 


1! 


Peta proot Of 123, there exists a regular function f 


such that E = f{(E Ee the ES the factors of E, and 


ee aa Se 


hence, 


A £ () as n 3 n “m 
20 .¥ = £a ; ae : eae : 
— i e 9 [Dy] vi ied “n i 


Composing this product with the @-substitution 6, we obtain 


B B. ; B 
Q.¥ = fag, 1 vl J ters x : 
6[a_ [D,]ME,] Ne eee o[2_ [DJNEZ,] 


Momimplves that (2 ()) (F) SF (5) a FIFI CE, 
SOvtnat 1.7 implies that £fAg is an (ECE @ class 


function. Then 


65 


CER) (® 
R Ee Dp 


as was to be shown. 
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@orettary 1.10.1: For classes of events (3 and €& such 
that & () Ce, 


(6) fe c €,(8) 


mroor: The dual result of 1.10 is that 


g OQ. Pa (OCR QCA) 
Q (R 7 @ 
e | CR 
Betting Py = Se Go) Aether class GCOnsisSting Of "che empty 


evemu and the empty word, E a regular event, and 2 an 


Seecator in lag | , we then have, 


1 
Q[E] = 9 ae [1] = ane 


a 
Now is an Operator in the class 
ve] 


AO | 
G fa 
i 
which is actually the class | | as the image of 


Mvenon—-ZzerbO LUNGELon Of empty words is again the empty 
word. Thus 2[E] is an event in Eg (©) as was to be 


proved. 
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eecowlary 1.10.2259For a class of events V such that 
HIF) SW ana ex 
| 
L eo = oe 
xl, 


Corollary 1.10.3: For classes of events Che, wo, and oo 


such that le(Q and EO ce ’ 


QR | 
| lech] ¢ e.( HO@z ca) ). 





Heeot: sine proot is similar to that of 1.10.1. 


Goro lary 1.10.4: —>For classes of events Q and Ke 
such that Me, 


e | aie S (ZR) ), (a) 


Stes gitenooe LOr a more general result than 1.10 

by replacing | a by Px BeOmearoitcrary Classes jor 
Ch AE 

events gad - However, we can argue, heuristically 


Gemocsey;etnat 1710 is a *best possible’ result. For 





ome 


/ 
Qe x] , aS above, we may consider the operator as 
Eae CcOmposition of an Mee seetene ton Somer aeersScetilon 
operator oe Os a “U-class event. yy, and a dual V - 
Suostitution oa When we consider 0°, we have no 
m-conique @f determining the interplay between the ie 
and (-class evemes, Unless we are considering letters 
een the case WU =(k . Similarly, when we consider 
ee?" PaeiowomlymEeNonraectmciaterequlas Gvencs have 
finitely many factors that enables us to prove a theorem 
Oz the nature of 1.8. Below we give further support for 
Sue NCOnGent1On wien we Gxamine the class of eee 
and the class of context-free events | which are the 


most natural classes in which to expect some generalization. 


POpecamiinite alonase: J = {ajr-++,a te, Let 


p 
a a ‘ 
nm al Pp 
Ay a =i eene rtp | w 
a 
Pp 


a 
mae UNlteOperater for Se and the identity rs | 
BeeracOmmover o. When the alphabet over which we are 
TOattagels oVlLOUS;. Gie Subscript V will be suppressed. 
Pe comemcmeieowoetinitiloOns Of differentiation, for 


two events E and F, let 





ec 


6 ,[F] {v| there exists weE such that wveF} and 
E 


6 alc = {w| there exists veE such that wveF}. 
E 


The Giftferential operators are discussed more fully 
in the third chapter where we consider their effect on 
regular events. Ginsburg and Spanier [7] have shown 
Memmi rerenttacton Of jcontext—free events by context- 
Beee Cvents does not preserve context-freeness, and for 
the sake of completeness, we describe their example. 

Let L, Beweve Colee<c~treepcvent generated by the 
Peoauctions | 

Sea. b* SiS ae Sa) cs. cba Se aeS | 

a u al a) 1 a al : 


and L, EvemcOicext-@Lce event generated by the productions 


ou > aSoa S.5 > bS.b Sa cS5c So > d. 


2 2 2 
He 1s clear that L. = {waw!|we (atbt+c) *}, andmainm (7 |) tt: as 
shown that 


4 Qiong? oo OG 24 


6 g(t] = {baya,a’b*,acb ole oro ceed ys pa. pele se 


Lo 





But SS is an AFL,;/™so that Ge is closed under 


intersection. ene: [L,] = {a™| n = LG 
2 


non-periodic event and thus not context-free 
for a discussion of context-free events over 


letter), so 6 g lL] PS Not context—rreea. ‘Lt 
i 
Z 


that 6 
L 


QR V 


2 


Bois 


regular 


ie Ours. a 


(see Chapter 5 
a single 


is clear 


L 
Pomcaceually the operator| | x A. where 
a 


We= ia,b,c}. As this operator is in the class 1S | : 


€ 
wes havesthat S| eT ¢ e : 


Rimi gqateOr —OUmG Merniod Of proof £On 1210.1, we have the 


following: 

maeposition 1.11: e ; CK ct 
R ea 

Boroliary 1.11.1: ce ; GC: cf 


C Je Cle 


When we consider the class of all Bae: | we 


do have that 


[Ay < YY, 





Loe 


Pmimene simalar result of 1.11 for this class also follows. 


Peoposition . : 3 2 
y 2 (S| 4 Ia! 


feeor: Let V be the finite alphabet {a,b,c,d} and X the 


event {wdw| we(atbtc)*}. Consider the operators 


a im 5 te mea, ch = 4 (a,n,c) * lal ‘ Fa 


where L. is the context-free language in the example above. 


a! [a 
@ and ¥ are operators in the classes CA and s 


respectively, and 2.¥ = tee || as =| Rup zywyw (arbres 
wdvdv 


0] | we(atbt+c)*}. The following 
Ww 


emma provides the result. 


Lemma 1.13: 06 = [0] | we(atb+c)*} is not an 13 | operator. 
W 


Poon sme NCnrtrSeemoce Enat GCach biregular Operator over (R 
corresponds to a linear context-free event, with pro- 


Gucterons OL the form 


n+ [B]ec 
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Sercresponding to the linear productions of the form 
A = bCd, 


ee ccoe wandec aremion—-cerminal letters awd b,c are terminal. 
ie Uu ' 1 ° AI © 

Hence {uv | bee Meee tOr an Operator 4 in | oO Bsa 
linear language (see Gruska [3%] and Rosenberg [4 ]where 
this correspondence is fully studied.). If 6 is an iw 
operator, then the set of words L = {wwlwe(atb+c)*} would 
be a context-free event, a contradiction as L is a context- 
sensitive, non context-free event [!0]. 

Now, if @ were an| 3 | operator, there would exist 
Meee oUldr function £ and events SyreeesSyy Tureeer Tye 


Such that S. 7 O, T. 7 O, and 


S S 
iL 
g = ae | | geoo5usg "| t 
ae AN 


eld tor Some jeil,...,n}, S. one T, Homan Intinice (in Lace, 
mon-recular) event. Without loss of generality, assume 
that “s is such an event. Then for a word Xs Jo ah ces 

I. p 


in the event E(X)7--+/%,), we have that the corresponding 


event word Ss 2 95 5 OS Lomamernrinie~e event. For a word 
i p 
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w in the event T; geet 5 Plo ew lows thac 
1 Pp 


ed | ves; +85. ae 


Meean imtinite Operator event and a sub-operator of 6, 
epetner contradiction. 

As os Pomelesc'asomen dil events; we do net have 
Mee analogous result of 1.11.1 for this class. But we 


do have: 


Lemma 1.14: ris 346° 1 


PLoot: 3 Psecweeunmiversal class of linear Operators 


Dye e 5.2 
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ClapeeraZ 


The Pesegqular OQoerators 


Pieorch l..0 provides us with several important 


Semeequences im Our Study of regular events. 


Maeorem 2.1: alo icine S| for any standard 


euigebra S. 
Proof: As (\(Q) eine and Ro ae fe Oe sO VAaes 


the result. 


Beorollary 2-l.1: Regular events are closed under inverse 


SubSticCution. 


Proof: SUB © a Dy eel Ane 


Definition: For events E and F, we define the shuffle 


| 


peepee, Ef Lor, was the event fe, £. ...e. £, 
ea: i 
ee! ee ia: 


ewe m eh, faeyest, GF}, and the alternate shuffle of 


ab n n 
E and F, E Ll! F, as the event 
alt 
fa, b, ..a, b, b, --b, ja; -+a, cE, b, .-b, eF, 
ee tn tn *n+l m J n d m 


n<m, a,, De letters} 
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n<m, a, b, letters}. 


Mereollary 2.1.2: Regular events are closed under 
Smuttling and alternate shuffling. 
Proof: Let E = Etayys+-7a,) be a regular event and F 


a regular event over the alphabet V = {b 


ee 


Consider the on Speracor 


- EE al 
Q = fA, x ia boreeer dy x |e, x A.) 


Wy-- ew, 
= * 
{ = | | Wy++eWieV*, V)---V, cE}, 
ne eee ee) 

Pees cleameteiaceciei = © LLIF, and as a [RK ] c Q, 
E itt!F is a regular event. 


Nowelet Vi = {b', [b, ev} be an alphabet disjoint 


from Pena and let 6, t be the letter homomorphisms 
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bt a. i b. i 
7 + ‘ | J y | BESBeGCELVeLY. 
ze) | b. a. i=l bb". 
ee 5 a 
a -rl 
Then ¥ = 0 Net, ( ay") aysrererdys9| | sae ore 
ay Bhs 


GeP 
PeeteeG is the regular event ( 5 Se i ee 


17) 
sean EN Operator as [S| a c lal : It follows 


that ¥[F] = Bred alleles ly where F! = ae ae ee is 


the event E LLJ F, hence is regular. 
ale 


Picwowrare Meamlyemore FOpeCracOrs in Chapter 3 which we 
Pio tOveahe Tegulators , that 1S, preserve regularity, by 
interpreting them as | Operators. Thus Ka is a 
Paajeouclass Of begudators closed under + and composition. 


It is not closed under star. 


PEODOSi CiONNZ. 2: I is not closed under *, and thus | | 


—_ 


operators over a standard algebra S do not form a regular 
ajo EamOrme regulators £Om S. 

a - QR 
Proof: Consider 2 = | | in fale Then, 

a 


n 
a* fa] = fa? [n > O} which is not a regular event. By 
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meor2, O* is not in iaI- 


MmuactmeriGoulcn a SUitable Godel numbering of the 
words in V*, (where V is afinite alphabet with at least 
two distinct letters), we can effectively generate all 
coded recursively enumerable sets as the images of words 
under the stars of certain lero tore, in the sense 


of "normal" systems [}}]. 


mi -ooemecaeo:. Let + be a semi-Thue system with alphabet 
= Oe Que ec eondvar1OMm Word U. Then there 
Sesto wen Operator, 2, in n such that the 'theorems' 


Peete exactly the words of A.,-a* [ul]. 


Boot: Let V' = a i be a disjoint primed 
alphabet corresponding to V, and V=V+vV'. We mimic 


Eae normal system obtained from + as follows: 


Ll) foemorocuctions Of the form a,v > va', with v 


a. il} 
PeWwOLG 1h Vere Jet Qs = " a x A= x | ; 
V ' 


i=ltl a 
ae 


(eecor oeecucei1ons Of the form a > elec let 


- by be e La 


J 
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cs)” For words Wye owe Over Vo andthe 
corresponding words wry Over eV) “(that 1s, if W. = a +a 


then ae = aoe ool) i elet 
™m aE 


7 Wh ,, | 
QO, = x A x 
2 k=l | De ek teak 


Cerrespond to the set of productions ae Vwiye 
HieMErOseany Semi=Thue system 1, the theorems of 1+ 
SecweronUnprimea WOres Obtainea by a finite number of 
moolreadertOns Of tle productions of the above form to the 
axiom word u. It is clear that this set of theorems is 


eg@eavalent co the evene 


GO eet 0 


. 2 2 


coe a 
ve + Q3)*[ul, and as Q, + 2, + 23 is in a : 


the theorem follows. 


Pere tolemeou Linear Operators 2, ¥, we define 2 OV ¥ 


Goethe set fees ear ee e ¥}. Note that 2 f/f ¥ 


is not the same operator which maps E to Q{E] () aoe 
meaOpOSIT ELON. 2 04: i | is not closed under intersection. 


‘i i 
. ie a me \ 1 | let : 
meoor: Let 2 = al x boul and ¥ = leew eae ee Both 


these operators are in Lapeer their intersection, 


Q 
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nN 
a 
Q0Y = (| nfl a2 or, 
a ba 
is not, as 9fy[a*}] = {a’ba™ [nes 70] AS motva regular 


evel) ts 


(R 
Merollary 2.4.1: la is not closed under complement 


(with respect to a fixed alphabet). 


Elgot and Mezei [!2] have considered the class of 
Dinary transductions* obtained from the component-wise 
meaitar closure o£ the ordered pairs SSD 9 EL a 
east Heiewaetintte aloiabet oe 
PeaetowecleCat Elatetneowclass Of binary transductions is 
PeouLvalent tO the Operator ciass| & | weetiey Ttave also 


shown that 


heorem A: Ry] 8 | S R | ’ 
Theo ar | 3 Q lA 
eeecesSule wiich follows from 1.10. 


Fischer and Rosenberg [!3] have investigated the 
elasSes Or events, I) ., tee, accepecd by n=tape non- 
SeremGiinisele finite auecomata in the sense Of Rabin and 
Seow, aig tne resultant GQecision problems for these 


Giassees OL Cvents. They have shown that these classes 
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mer resDond tOMm@=regular” events in a natural sense, 
Pmeamiia particular, £or n = 2, to the binary trans- 
mectilones O& Elooteand Mezeéi, and thus to oe Bor 
mie sake of completeness, we list here the results of 


eaeir work. 


@aeerem B: The following decision problems cor 
(oe = 2) are recursively imsoluble: 

(iene GisjJOintness problem, 

(2) the containment problem, 

(3) the universe problem, 


(Qjeeche CoOfinateness problen, 


(5) the equivalence problen. 


EPxreoqular Onerators and AFL's: Q 
Mewnev cuow that the biregular operators mee 


Speracors 1n particular play an important role in the 


EMeory of APL’s. 


Deaimiueren; Given an infinite set of symbols, I, an 
feseraceerantivy or languages (AFL) is a family VU Gr 
Svencoeor 2 swita tne following properties: 

Go Temeacmeam (there is a finite set v € 


euch that XS V*. 
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(2) X% contains a non-empty event. 

3) Ie is closed under the operations of +, ., 
* 
el inverse homomorphism, 1-free homomorphism, and 


Batersection with regular events. A full AFL is an AFL 


elosed under arbitrary homomorphism. 


Memina 2.57 If a class ie COnealning a non-empty event 
* 
is closed under ¢+, a and homomorphism, then & is 


closed under *. 


Paoer- For an V-class EvVeUuePeOVeE Ene fanice alphabet 


fayr---,a,t, 


oe om PS ie) te cet [Pe] (eileen 0, Beye 


Theorem 2.6: A class of events Ve isa (eis AFL Tf and 


Spe tt) < Wand ke ae 


Mroot: As homomorphism, inverse homomorphism, and 
meculas Intersection are [a] operators, if CoC Cc ya 
and alin = x , then X is a full AFL. Note 
Ehacethe NOn=emptiness of Oe Poeimolved byeehe fact that 


Homcloscamunders =, hence the empty word is in some 


ea ea: eu. 





oe 


O 
Miemeact that every ra | Cperarou can be 
represented in the form 6.109, where 6 and t are 
(letter) homomorphisms and E is a regular event 


mimoltes the converse. 


eeerary 260. )s Full AYL's are closed under regular 
muemerShnurtling,regular alternate shuffling, regular 
Moselle ucion, ana regular GCvent GCitferentiation. 


Proort: All of these operations can be interpreted as 


lal operators. 


worolilary 2.6.2: (2 is a full AFL, and if Vis a tull 
Pen, then ¥ — (. 
MPreoeor: The fact that Q is a full AFL follows from 2.1 


and 0 (QR) ae . As ae is a non-empty class, there is 
eevere WwW in some Gvent X in XU as (8 | Tt] S x j 


is a. X -class event for every 


td 


: a 
we have that Pe) [x] = 
Beqular event iE. 

The theorem above and its proof suggest the following 


Cetin iOngand corollary . 


Definition: For a finite alphabet V, the map 


ee eee Vt) ena expansion if EXP _[a, ...a. | = 
me xa, in 
xa. x oe X¥ a, x-P ror letters a, i Vv.) che map 
1 n 





ae 


CON: (V+x)* > G7 Nos a contraction if 


p p Pe Pp 
Cony [x oo x aoe vee Ae ee 
x a 
ale n a n 


Wemma 2./: 8 € S| PPwonemeniv ete 15 a Linite Compo- 
PearomnOt CxXOamsiOnS, COmtraecctions, and intersection 
Operators in Nee 

Proort: The fetter homomorphisms ¢ and t in 1.5 may be 
replaced by iterated products of contractions (and then 


dis an iterated expansion) . 


Benmoulary 2.60.5: A@class of events We orc ened AMIG Lt 
and only if (R (%) ce je and x is closed under expansions, 


Pemeractions, and imtersection With regular events. 


The choice of nomenclature of [3] is unfortunate 
#rom the viewpoint of rT operators as an AFL might 
better be called an "unfull" AFL, rather than adding 
PiemacieectiVe = full when we remove the restriction on 
the type of homomorphism allowed. We may define a sub- 
ciass| & | of 1a Romcacemeror this and remark that 
1 


Suewcheracterizationms Of full AFL's carry through for 


AFL's ona |B WEeEene Ene @ObVioUusS restrictions. 
a 





oe 


Semen cron: & is Said tobe an S| OperacOnetr ana 
ii 


Member chere Gxists a regular function, £, such that 


* * 
where u,eV,*, w.eV,*\ 1. 


Wimeerem 2.7: For an arbitrary non-empty class of events X j 


a(S eA is a full AFL. 
© @(A([QILz1))¢ @(ByJoa}ns 
cof] Ea fe]eaa)] = @(/3]) 


howelt) tollows trivially from 1.9 and the fact that 


RA ECS PalOeseimgelies that 
A Q 
lal CRY] SR (Y@p CQ) ) Ea (Te}eg) 


BOiwan arbitrary class Of events Uf , end eit, tO) umpires 


ae melo | = [a] , whence (ii). 
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@erollary 2.7.1: For a class of events Ve such that 


eae c R CX) , we have 
Cit) R(1R 1% ) Cc COS Pan Other words, 


meLlOSUre preserves [| -etesure, 
ay [RB] TROT RC), 
Prego ( ) Gs a full AFL. 
fj s0OL: © Immediate. 


MaemOllary 2./.2: For aclass of events ve such that 





z <M and LiF) CY, then 
ace) = [Or %1 imprics 
(4) AI CRGKIIE ia Cy 
(ii) R ( a cxa)e [Bie “1 
ai [RIE] ts a ens are, 
Peer: wel verizy un. Q( [BIna)- R ( (LBD CR) | 


which is a subclass of R(Y(R)) by 1.8, 1.9, and the 


aes Chiat (Q (Q) = (R . This class is equivalent to the 





aon 


class ( -sus [Ac] which is © a Le icx e [Six 


Poa. LO and the fact that ( SoUB Sis a Subclass Of ST. 
In a similar vein, we can also show that ® ~closure 
Paeserves, individually, closure under substitution or 


regular intersection. 
Lemma 2.8: For arbitrary classes of events X and Y, 
Q LCUE ROX) =y CRM) CY) E RCX) 
= Le = RCX) => (RCO), SC ROX) 


Proof: (1) 1.9 and R(R) CR. 


C2) el acirana a a 


perotins, 2am ycR) = Rex) => (RCL) CR) & RCY 


com) 
Peco llany cs0ec. eet Or Classes Of See and Y such 


that 16, 


Le] LX] SRK) =7 [a] LRCH)] S ACK) 


Proof: 1.10.3, 1.9, ana A(R) SR. 


MOmeCONCMUGewEnES SCCEION, We Drove: 
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Mieeorem 2.9: For an arbitrary class of events X, 
Bicvicacw = [el lylelz] 


Proof: First we note that the closure of (R under 


regular substitution implies that a = eee 
phen by 1.10, [s |: a z | ceeds, 8 | pac. “elyis 


Beesacor Class trivially reduces to OR |= a 


Senvyersely, let 2 be an operator in 1S | p> anGeeG ane Vent 


soy) Pe Proce proot Of 1.10.1, 
1 a i 
Q[x] = cele) fi] = Bel [1] where lena is an 
operator in x - Hence 2[X] is an (R (Y) event. 
Memrcetarheinat tor any finite alphabet VC i, 
Ay € a] Sor eae le | rel = [%] above. 
Senora Aas Or a Class Of events HG such that 
& > |¢ re Q (%) is a full AFL. 
lalleis Leje &&% 


7 © Onegin ees eee 





eee 


Bemewlary 2.9.22) Foran arbitrary class of events ve 


such that XK 2R, & ea S & CAL) if and only if 


[31-2] ¢ RI 


meas. ) Ine Same as in 2.9, but note that we require 
le U Bem isSUGe chat we are dealing with X -substitutions 


when decomposing the >| —Operacors. 


Poienaes' Ss and closure under substitution: 


Lemma 2.10: For a class of events ve Suenscnacy — ie 


| LZ\|¢ XH implies that COLE 


aeons Let A- anGd xX, be arbitrary events in UL Over Ene 


i 2 
mii hce alphnabecs Vi and V5 Sespeccivyemy. | elon 
V.* 
(A - ! : h [X,] = X, + X, is an event in ye as the 
Vi xX, i Ht iz 


eeerator 15 in I | Meo wMukacly,awe have chat 


a 
(TJ x be ) [X,] = X,-X) and | x | ei X,* are Y-events. 
af 


We are now in a position Eo present some character- 


Paeetteeomrocetutl ArL S im terms of the biregular operators. 





Bia 


Mmieerem 2.11: The following are equivalent for a class 
of events ae 

(1) ve is a full AFL closed under 7 -substitution (Ehae 
Meowewita che “Lull substitution property” in the sense 


ei 3). 
a FQ ]exre x Me 


(3) | si < ee , an and RCXI=X. 
(4) eo aie e and Y-sup CY] SH. 


Proof: We show in order that 17273-7471. 


ie2e 296;2 shews that Y > 62 for a full arn X, and 
Emtowalong with the fact that every sl Sperator 1S. tne 


SOnNoOSitlon Of 2 M-substitution andnan a] mODSLALCOL, 


implies that | LX] ¢ % 


2+3: As M D®R, 2.10 implies that Q(X) =%, and 
2.9.2 provides the result for the Peirce product of BS 


@peralors. 


374: Again we Nave that LPR weetaen 2.9.2 Shows that 


\S na Se QR CH) Perr rene ano lies tchae Kw is 





Se 


closed under full substitution. As KX DQ, we also 


Beave that fon L XJ cS fe . 
4>1:3 1S | Ce CX implies that Y >O®. Closure 


emaer Y¥ —-substictution implies that Pea a x . 


Hence, by 2.10, R( Wy = ZX. 


Two other results in this direction seem worth 


mentioning. 


pe orem 2.12: For a full AFL i, closure under le 
implies that XL tis closed under full substitution. (The 


converse is false, for example, the context-free languages.) 


Proof: as is a full AFL, then HO) ae . “then tox 


a € [aly we May sume that @ is of the form 


ee ee pela | i 


Wiiere f 1S ai X-class PUNCeLON. 1 AS S| = Q “su3./\,, sus, 
iw is a class of operators eee 
Further, ZX >Q® and Q(%) ¢ XW, so that 
(X+a,X,+...+a,X)* is a Of -class event, and hence a 


all 
U-class £LUNnctELOn, cover the X-class events XX ree eX, 
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and tajr--++,a,}- Now, any Y-substitution is of the 


a a tT 
Eorm YY = as + ea toe et ae ) puand. chus “an 
Sa i ™m 


Seerator in iy pec Omenae Nea preserves U-class events. 
Theorem 2.13: For full arFL's V and ; MY) is a full 
AFL. 

Proof: By 1.9, R(ZX(4)) = (Q(X)) (Y) = XY), 

so that &(U) is closed under regular functions. The 
Brosure Of K (U) Winders Mseguiar intersection follows 


mean L.o, that is 


fg eH a (L(Y) )y ea Xp! Ua? een 


ama tne closure of KY) under regular substitution follows 


from 1.9 as R-suB[X(Y)] = X(Y(R)) = L(Y). 
ence ® = 
H eae LY). 


Tie eeemwas snewn thal for any Class of events ‘X, 
QR a Ip WeveceascruligAnt, but due to the problems 
involved with iterated substitution, the similar result 
Poretul bear S closed under full substitution does not 


Secciecouoe forencoming. 





Eire 


Weomcermcluce theschnapter with some examples to show 
Mr eetne Closures OL an event-class under regular inter- 
Peeeton, regular Substitutions, and regular functions 


Sewer che Class are in fact independent. 


meoposition 2.18: Let L bepem aroitrany class, O2 Cvenes. 


nen 

(1) ee eae ROOD EXD SEC yes 
(eG -sve| 7 1'¢ X and QON)EX = Ne oe ee 
a (Blimiek wy RCK)EX - 


EGOOr : (1) The class of context-sensitive events, U/ P 
Pmmelesca Under regilar intersection and +, ., *. 


However, it is not closed under regular substitution; 
it can be shown that Hom(U) is the class of Sree a 
which properly containsd.!¢ 
(2ieewnewclass Of events consisting of the empty event 
easel l evenes Containing 1 is closed under regular 

* 


SUecemeulliELOn mand the meqular Operations Of +, «, : 


Boece meroccaslmder regular intersection. 
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(3) The class of linear events e is veclosed under 


Ene S| SOoetarors BUE NOt Under QR =CLOSULC . 


PLO cRemeneOory OF [a] CperacOrs,, 1c 2S also 
Sumec Casy tO show some of the results of Greibach and 


Hopcroft [/+], that is, for a class of events ie such 


that al COR ae 


(i) closure under composition implies closure under +, 


(ii) closure under +, * implies closure under composition. 





Cer 


Ghepter 3 


The Class of Linear Requlators 


For a standard algebra S, fel forms a regular 
PeegeDra in a Natural way. The aim of this chapter is 
to investigate subclasses of ss C) Ris] which form 
regular algebras. As any finite sum of (linear) regu- 
Pacers is a (linear) regulator, the problem involved 
Beomone Of Investigating the effect of starring a regu- 
Pieor-einie Chapter 2 12 Was Shown that starring an (& | 
operator led to the generation of all recursively 
enumerable events so that gf [s] () Qs] does not form 
a regular algebra itself. However, it is closed under 


Bilewbiregqular Operations. 


Theorem 3.1: For a standard algebra S, a [Ss] (\ Qs] 
mome TOSCAsUNGer regular functions of the operations of 
as, ang ue 

meeOt-we rece. and Y be linear regulators and E a regular 
ole meeteiocmeclCaGetiat frY is a linear regulator as 


(Q+¥) LE] = Q{E] + ¥[E]. When we consider 2x¥, the fact 


Titi volo mceqitat implies that E can be represented as a 
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finite sum i LR, where L; (respectively, R.) eee 
Mett (respectively, right) factor of E, and for uveE, 
there exist L., R such that ueL, and veR, - Then 
Qx¥[E] = rax¥fuv], for uveE, and hence equal to 
ra[u].¥[v] = y QL. ].¥([R,], so that 2x¥ is a linear 
regulator if mete ¥Y are. Now, at TE] = | 1 {tel+a.a* [2] 


i a 
hie = {a[e,].2[e,]. i -2fe ]le,e,...e,cE}, and as 
Saeaesubword Of a word of E is a word of a factor of 


om a.aT TE] te chen the arth entry in the star of the 
matrix] 2 [z]] where [z= | mS the factor matrix of E and 


Bye Liat. iS, 2.27 [8] eS <the grth entry in 


2 &xr 


Q[E,,] : 


Q[E 4s] e e e Q [E 
enuGwase ssa Linear regulator, the Conway Theorem on 


the star of a Matrix provides the result. 





Bois 


Micwo Goes Or eos altSO impiies the following: 


Meet tary S.1-i: FOr a Standard algebra S and an 
meortrary Class of events a Eee Gegqularrel Osuire 
Beene Operators in oC isl that map regular events to 
X-class Sventes isean Operator Class which maps 
regular events to Q (%)-events. 

Peees- Let & and ¥Y be operators as above and E a 
aqeeaeevent mm 5S. Then, aS in the proof of 3.1, 


(Q+¥) [E], ax¥[B], and a" [z] are K(%{)-class events 


ac 2([E] and ¥[Ej] are. 


The elcebra SEpOpenecOnvex Operators: 


Pefipeeeon: ror standard algebras Sy and So, a convex 
Se-reator 2 1s a linear Operator mapping Sy co So such 


that 
eee (|. 2 | P| 


Popa wrevents B,rF in Sj- 2 is said to be in the operator 
class CVX and it is clear that CVX > SUB > UNIT SUB > HOM. 
Pelinccamngoetaeor ss 15 Said to be open (in the 


operator class OPN) if 
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ClfeE lo Hage + Gieier . 
Meese CONdiItiION is equivalent to 
eo seGleos &.2[F] .G 


which implies that OPN is the class of linear operators 
(for some standard algebra S over an alphabet V). such 
Etat ° = A., x Q x Aj. For a standard algebra S, let- 
ALS] be the class of open operators in @[s].- 


Pwmearoberary Classes Of Operators Tl, Il’, let 


Ce {Qem|ae &[S] for some standard algebra S over an 


epdaleCiey SUC that > At, Pie tiercascing. 


Iis=eperators, 


en {Q|Qe1,2eOPN}, the open Il-operators, 


ema for a Standard algebra S, 


Tats] = ho | Mell, ea [S]}¢% 


m* = {2*|/Qel}, 


{Giien Ger" }; 


If\m' 
Q (m1) 


{E@y ree e 2) | @eaeGeqularm funceion of n variables, 


neN, Qyyeee, QET}. 





Cie 


(RR ( Jertce cee LOSUGe Opeéravor Lor Operator classes 


as 


come = Gin), 
(ii) Qt) © RC Rim), ana 
oe eet > UT) co Qin"). 


iiemalNeOLerits section Is to examine the regular 
closure of the operator class SES BO@ecd taxed Standard 
weccerals, and €O SnNOW that under certain restrictions, 
mee Gual Operators of this class form a regular algebra 


Simregulators . 


Memma3.2: CO (cCvxf @[S]) = cvxf\ C[s]. 
Proof: CVxX/\ C[S] is trivially closed under + and for 


Semjewmopecacors &, YY, events E, F in S, 
Cease ee YEE | | os 
iemitineatrity Or CVX Operators implies that this is 
eee eae js (2.4) [E].(a.¥) [E). 


The conclusion for (CVXf\ O[S])* follows from the fact 
ei ics 


/ 


that 





eisie 


marl = ) @ (E.F] < ) a”{e).a°[F] < o*(E].9*[F}. 
n>O n>O 


PS 


I 


Mmemma 3.3: (2 (A[S}) 


Proof: Again A[S] is trivially closed under + and for 


+ @ 


Seen %, Y, events E, F in S&S, 


(ee) [EF] Q(E.¥[F]+¥[E].F] = Q[E.¥[F]]+a2(¥[E].F] 


Iv 


Beecee ee +01]. Viiv le) .o[F]+(9.¥) [EB] .F, 


|v 


Pemenae (.Y iS Cpen. The conclusion for (A[S])* operators 


follows from the lemma below. 


Lemma 3.4: For an open operator 2 in A[S] and events 


E and F, 
OS ear oar | .2* | F).. 
Eeccmee os (HeP] = ) oo [BF] = ) | ee Teer 
n20 p20 nti=p 
=) gates (S.5) > J Y 9° xa(E.o"[P)] 
P20 Nn=p p>O ntm=p 
> Y o@[E].o"[F] = oQ*[E}].2*[F]. 


p20 nitm=p 





62, 


mveorem 3.5: A (CVE, 55 y) - ers 


PeOot : The intersection of two closed classes is closed. 


° * 
mero) lary 3.5.1: (CVE) 15) Cc SUB ATS] ce CVX rs]° 


fe@Or; For 2 ¢« CVX Pheweeoot Of 3.2 shows that 


A[S]’ 
Polen |) < Qe {E).o*(F] and the lemma implies that this 
Pemeewcaudality, hence @&* is a substitution, and by 3.3, 


al, Operator in ee ici Piewsrgne hand inclusion follows 


few tally. Note that the *openness* of the operators is 


Meeeea FOr this result. For example, SUB* ¢ SUB. (Consider 
the substitution (22° and then ae z o*fa-], a ca*[a].2*[a].) 
a 


Nem2ov prove the Main result for the open convex 


Speralors. 


Theorem 3.6: For a class of operators II[S] over a 


Sramaana algebra 5, Let 9 be wehic  Operaror class 


I[s] 
{a,|Men[S]}. Then 


= () 
el) ms sis. is) © 


BimOciem Words, sties class Of regulators whose duals are 
@peap convex SUbSETEUuULions formea regular algebra of 


megulators. 





Toe 


Meeor:) We Show that every operator in the regular closure 
mora finite sum of CVX ar ©perators. As S 

ats} '® Rts] oe 
Zomeorosea UNdCr Union and Composition, 3.5 implies that 
Mesut tices to consider the star of such an operator sum, 

] ex* = * *\)k |G 

Q5+...+2, say. Then (Q34+..-4+2,) (25 2 ++ -2,*)* is an 
Seen substitution (3.5.1 and the fact that SUP isi is 


closed under composition) and as 


® 
S88 415) €19 1A ets) £? Ris) ’ 


myel.4 ana 2.1, the result for star follows. 


Corollary 3.6.1: R Coy 51 lal) ey at 


@orollary 3.6.2: ees Aieae) (RS, that is, 
2 


EGewaual class Of increasing substitutions forms a regular 


segcota OF regulators . 


Sa ane.4 


Proof: As oe ried = A(s] 


Oa gts}: Lersuurr7ces. to 


show that the operator classes eee leci(s) and PUP isl 
esewcourvalene, £Oor then it follows that every regular 
Hieron OL inebeasing Substitutions is equivalent to 


Peete Sum OF increasing substitutions. 





ass 


Given neSUB Piste is so that 


epee yee 


nS | 


ee axaxa>dx| 7 ]xA = A. Hence SUB 


i} A[S] 


Cevesse 7, tee, be an increasing substitution in 


&{s]. Then ¥ > A and ¥ = ¥", both of which imply that 


exy xh > (aty)! Peas, 


and thus ee ne 


Bezeomeneonelucding tnis Section, we remark that 


CVX, Peeperly COncains CVA asceene Operator (eles ey 


OPN 
for some non-empty event A in a standard algebra S, 
moma CVX Operator which is not open. 


iiemne ot hes mo oOvemanomscieciaracally mepresented 


POeeicCwGiagram Dpelow. 





LINEAR 


an 
COUN Aue tl ESI 
CVX arsy “etsy! ES 


CV x ¢ 
at Parsy 
{ 


ioe 


aCe vVn 
AEST OES) 











R 
4] 
Cha 137 R(sus) 
“ll 
Hom 
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Meee dltiplier ana Ditferential Calculus for Regular Events 


Meeeren 3./; FOr a standard algebra S$, there exist 


embeddings of S into ¢[S] defined by 


(1) 2: Eo a where el = E.F and Se is said to be a 
fetta tiplier, 
eects > ans where E* [PF] = F.E, the magi mene pers, 


(3) 55: E> 6 ge chee tettyditterential operators, 
E 


(4) 5 t bE = 3O re Pembina trrerent ital Operacors. 


Proof: Note that E”.r* = (E.F)* ang E*.F’ = (F.E )* so 
Emat the Maps of (2) and (3) are actually ‘anti-embeddings'. 


Miemoroor OL the theorem is immediate. 
Bora Class*or events hs let be (respectively 


on oT 6 a) denote the class of ee oe MUPPET OL rens 


ebtained from the events in ge: as above (respectively, 
the Vf -right Tele ore, lett, aitrerential operators, 


right differential operators). 
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Beemer ary 3.7.1: ~For a class of events Jorn a standard 
BgeeGo, EMe requiar Closure of the operator class Ws 


Mcespectively Wee 6 g? 6 me 1S the Operator class 


(QiV)) (respectively (Q(%))™, 8 , 68 fe 
RE) a) 


memeoulebyl6/.2- FOr a Standard algebra S, the operator 
classes ®' 1 &[s], Q*1 G(s], 6 , Ns, 7 &[s] 


Bemtiiecegultar algebras Of regulators for S. 


Proof: As W® (RQ) Cc iR , the proof follows immediately from 
Meemeeact that regular events are closed under composition 


exer aittferentiation. 


Moana 3.8: Let ae Pemameclacs OL events an a Standard 

Peer raeo over a finite alphabet V such that ac FOr aev. 
& 3 Q 

Then ye and ye are subclasses o¢| 7] ang é og and 6 bs 


are subclasses of [ze | ; x Ve, 


Proot:s. For events E and F in S, let 


(= ~ alee |) el a a by |B ly 


tH 

a 

@ 

= 

tJ 

O 

li 
(Cet 
See 
ty 

Kh 

| 
EJ 

Fe 
Loess 

or) 
J 
Pod 

| 
Veet 
kb EI 
RE 

OQ 
es] 

K 

ll 
Cn 
bt EJ 
le 





Wer 


\ ) 
ane (ey | ana |& | operators Bospecervely. a NOtertlat 
‘a diaee ® 
me require ae YC ZOLwacy eOuvenlsure Enat A. 1S an eo | 
= V oe, 


@e-erator (or | & [operator . 


Berollary 3.8.1: For a class of events Y in a standard 


algebra S, 


"yt = "yt and Ga = UF ’ 
Memeocner words, the dual class of We-left brespecervei. 
mreit) multipliers is the class Cee ct (respectively, 
right) differential operators. 


Peeot-.  inmediate from the form of the operators in 3.8. 


Bemowlary 3.0.29) Full AFL"s are preserved under regular 
eft and right Mie to lication and regular left and right 
ee serene laction. 

meOOnwe Inese are [K | Operattonseand the result tollows 


m= eOm 2.6. 


Diem~iatunalieGqucseron tO ask at this point is to what 
erent eeeiomreagimatOors Of 5./.2 may be combined and still 
Sect ssegulamalgecora Of regulators. We examine the 


pairwise closure of these classes and obtain the following 





oe 


Meeults £O0r a standard algebra S over an alphabet V. 


mheorem 3.9: If V has cardinality 1, then 


Pee GMC 1s]).C Ris]. 


If V consists of two or more letters, then 


Coe OR) E[s]) S Ris). 
Theorem 3.10: Wis ,Us .)NG@{[s]) ¢ Ris). 
R R 
Theorem 3.11: QR VD ‘Qt 0 &[s)) Cc Qs], and similarly, 


CRs .) NG[s]) ¢Qis). 
OX 
Mieeceorrs.l2; Lf V has cardinality 1, then 
BURY 8 5 2 is]) GR {s]. 
If V has two or more letters, then 


R«R*0 Loe &{s]) ¢Q{s]. 


emreiarige for Q((Q-U 6 A &Is]). 
R 





es 





Pmeemrorno.7-)) OG an alphabec V of one letter, a Say, 
Pewee veucic operacor identity a* ease S elo comma ive 
euge ora. ne resule for the single letter case follows 
OI 3. 7. 2 « 

mele adeverelmcasc, eC a,bceV and then 
(a"b*)*[1] - {al ome ne} is a non-regular event and the 
result follows. Q¢ RTURE) actually corresponds to 
the regular algebra of Gruska [9] over ordered pairs 
Sem @rdse “W,v-switll Ene Operations of union, composition 
Gerined by <W11V17O<W5 V5? = <WIWo1V5V1?, and star 
Berincad by tie Htemated Composition. By defining 
<w,v>@[E] = w.E.v for an event E, Gruska has shown that 
Bet 7 elanear slenguage (over a finite alphabet) can be 
Seeaimea as ele image Of an event in his pair algebra 
Meeaicinicg ene cie empey Word and that context-free 


languages are preserved under his ® operation. 





hes 


Beocor or 2.10: We prove a stronger result, that is, 


Peas eS ail. 
Beoimelilaworas Ww, Vev", we have the Operator identity 
wivt = 5 enGm Men CeerOr aio pc crcacor © in the above class, 


eis Of the form 


6 Nes 6 . 
week oF F 
a a 


mo SOMe 2naex Set A, events Ba? a inv@oe SS any Gegular 
ew G Gas only fLinively many left and right event 
derivates, which themselves are regular events, there 


pisewony tinicely many vents of the form 6 a. 6 G] 


[ 
E e 


for events E and F in S. Hence Q[G] is a regular event 
Piemicwasunionvor Some of these finitely many double 


cerivates’ of G. 


Beno tanya. LOL ror a standard algebra 5, 
R se pV 5 -) COs) <& [s Pothidateis, the differential 


_ POmimawaegilat algcora of regulators. 


Proof of 3.11: Q ((Q*Us_,) A &1S]) is an operator 
algebra generated by the operator ‘alphabet' 


et es ,laevi, where V = Veh oc ofan say, satisfying 
a 





dei. 


the relations 
(> 6 - a = O it 1. fa ane 
—) = 1 Be es Ave 


(Similiar relations hold for the right operators and 
MWe mele wenOOr £Or ENese Operators is essentially the 
same.) 

Meme ee oe CE leerree standard algebra generated by 
the (disjoint) alphabet V' = eee ne eye icaie 
Now for an operator @% in the class above, there is a 


megularerunction £ such that 


oa £(ay",--.1a,”, 6 preset g ) and we let 
a a 
+ : Pp 
ye Seca Se oe be the corresponding event 
mio. bet fF = Cc _b-+...+c¢ b and then 
ee pp 


(Avr x Le x Avi) *{1] = G' is an event in S'. It is 
ist 
Ge 


1 vue anamciace elise 1S a regulator 


Pata. co. 
elear that ie } = ( 
aS it is an la| Ojeigercenes  sver=el 


G'\ + 
gee alae 17 34.) 1) 5 ) * ( )* : Ce) eS 
creat +..tC 
7 p = p 
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Memceecetegular Cvent Obtained from E* by imposing the 

Rema erOncwer.o. — O if i - j and c.-b. = lif i= j. 
ivv5 qa | 

As these relations correspond to (*) and (**) above 


Measocetrvely, it follows that 


Buatner, H' 15 a regular event in Cee a tenweae sone 
Peemaenecec ts aq cLintte Sum Of regular events of the form 
B'.C' where B' = Lf) (by+---tb,)*, Gs RM (cy+---+,)*, 
LR; G0 Sore cnc finttely many two term factorizations 

See eeeeooe, 15 a finite sum of operators of the form 

Pee ere ' 51S a4 pegqular left multiplier and © a regular 


PerewGiGreorencialvooerator, hence 2 is a regulator. 
Borollary 3.11.1: Any ed Soe cdeoryOoverea 
Preaveatomml qe lta 5, Can be put into a "normal form", 


where the E; and PF are regular 


events in S, nel. 


Seco lane soe eee OL a standard algebra S, 3 iS an 


anti-isomorphism of QA (Q*vs ) (respectively, 


x 





Spier 


RCH U s )) mapping ne to A as (respectively 
as p* n* 


1g 


ra 
Em. <6 = Our 6 Oak)! s 


Ee iE 

itmeereveet o.1O. 0, we COnjecture Ehat Ri R Us g) 
emo regquiar algebra of regulators for a standard algebra 
Cree une method Of proof in 3.11 fails in that we cannot 
Peseleeelat His a regular function of the letters 
mee and suitable standard events, Saye ue say. 
PaeOemOurone ww elic single ictter case follows from 3.11 
eomete COMMULIVIty Of S implies the operator identity a* 

When the alphabet consists of two or more letters, 
memore cles FOOr OL 2.5, che productions of a normal 
System correspond to A (RTU 6 g? Operators, and hence 
Pmromerlass Of Operators Maps words in S to arbitrary 


(coded) recursively enumerable sets. The similar result 


holds for R ce G 6 |) operators. 


BergupemeanciMarng this Section, we prove a result 
PoechmiIncdgUicavcoameamsome Cxtent that the algebras of 
Peculatconsuwiiciewe have been considering may be combined 


Pomromeeatsce, Geqular algebras of regulators. 





Os 


mreorem 3.135: Let Po denote the class of events 


Sentaining the empty word. For a standard algebra S, 


Ris Ys us 0 S[s]) ¢ Ris). 
1 23] SUB , 


Beoor: We consider the dual class of operators of the 
pmove LOrm. AS in the proof of 3.10, te and a 
PrevetOrs commute, and for events E,F and a substitution, 


mien Operator LCentity 
Coe ee ee (El) 2 (lr) ~.8 


Pigs ceria t wc tS SUrTETCICNE to consider only the 
regular closure of Ce U suB,)\ & {s]. We Omit the 


; £ eer 
SmoerScript PCmmrnewMUlLErplLer Operators . 


Lemma: Let 2 and ¥ be increasing substitutions and E an 


Byecclass event in S. Then 
(1) &.¥ © SUB,, 
(2) 2* e€ SUB,, 
(3) 4 operators Seo meloccomuncoa regulate EUNCcIONS, 


(Aye) © ae [EX] QF. 





Sri 


een) (sis immediate, (2) follows from 3.5.1, and 


m)) trom 32.7.1.. We prove (4). 
meee + Bag +...+ (E.a) +... 


= At E.Q2 +...+ Eee (Ee ee Erp boa pees tees 


As 4 < 2, & < 2.(2") sa that 


Meo = A + O[E].0 +...+ AO [E].e°[E]. .. .2 
= ieee... 2 TE). a" +... 


Swe nal ee 


Coa coclywames ele cvent © Contains the empty word, 
Peemeonecacor Eecontains ~A so that E.2 > E+ and 


(E.2)* > 2% .E* = Q*[E*].2* as was to be shown. 


WemMeweacse GemtctatscVery Operator in the class is a 
Pica lime GmaoeratOors OL the form Bk, for E,2 as in the 
ieommayeaas(l) (2), (3), (*) imply that it suffices to 
Selstdemmeremsotar Oe such an Operator. Let Qype ee DL 


Be inereasing substitutions, and Eyres eB 


3 


n 


1 Operators. Enen 





Ge - * = x ay * 
Cee -2e)* = (Eo 8,)*.(B,.2,)*. .. =(B_.2,)*)* 
= »* Tx o * Qs* * ee ee . * Bx e * ules 
(2% [E#] .2% .2% [ES] 0% Q* [EX] .2%) 


eee. 2) and (*) imply that this operator is equivalent 
ome.) * for an & ,-class evenc Ff ana an increasing 
Substitution ¥. Another use of the lemma proves our 
eoereroOn. Hence Cvery operator in the dual class 


RG 9 gU sun CISD) is a finite sum of regulators 
ge 


Peemnence a regulator. 


Tiemecetraetovwemeiaic elewdiiterential operators 
Peeeatn st Ae TOeChetey Cpoerator appears to be artificial, 
erenough no proof Or counterexample of the result for 


» vice a has been round. 


General Algebras of Regulators: 


OGiweuceussia@n aoove Nas been limited to specific 
Classes Of Opcrazors ane Pieter c us wOnesecgulam CVCNCs . 
Haethis Seclion, we examine two Operator classes which 
icauw ees iisereea Imtemany regular algepra of regulators. 


The first to be considered is the class of total regulators. 





oo. 


fo Delon) Oma Standard algebra S, an operator ®@ in 
of [S] is said to be a total regulator (in the operator 
class Ra (S]) Deyeeomeany event Ho in S,; O[E] is a 


fmeoular event. 


Meme o.l4: FOr a regular function of p+k variables, 
Pieme Gxists a finite number of regular functions h, 


/ 


fe ie’ eucimemae for prk letters Dy ree Dp Ayre ee sa 


j j P 


ee eee a ay 7a) + 
k 9s 
: 3 
ae eS. EP (Ayre 28,) Dig, (Dy r++ rby ay, +++ say) . 
oa ie J J 


root: Let E = (Dy r++ 1DypsAyre-+ 1a) and the aim is to 
decompose E into a finite sum of regular events of the 
above form. As E is Begum mc iete vdce finitely Many 
mverecerm £LacCetOriZations, LR, such that E = J LR, 


ame we Consider the intersection of E with 


k 
* ! * ! * 
(aj+--ta,) - (ee ay “bj. (by +.-+by ta,+..+a,) : 


het h(a,,---,a,) = SR eye saa) — the regular subset 


ep words of © in which no 2s appears. For words of the 





wire 


form nee meen  Ssuen. cia eae a) a there exist 


LR, such that whb.eL 


ee veR., and we let 


1 1 ‘a 
eRe er dry rap) = 


* ato } ate * 
Lf! (ay+---+a,) b.- Rif (by +... +bytay+..-+a,) : 


Piecorenlo.!>. For a class of regulators Il in a standard 
meceoira os Such that QR (1) tema, Legulazvalgebra Of requ- 


lators, then 
Cerra ts) = Os (s]- 


Peaee.-. Sor a regular fUnction Of ptk variables, Q.,..,2_, 
— - Pp 


Seecacors in fl and. total regulators Fyreecr tye the lemma 


Puelies tchat there exist regular functions h, i: poGcee 


a 
J J 
Such that 
eM crs) Une: 7) = pa + 
ai 
+ HG Pee oc) (Uae Yep Qaep ee er Qe) @ 
, ; 7 7 : 7 k a oG 


By hypothesis, Pees) ispasnequlatonj~ and fon cach 


Wee 6 os, cael = oa encmecaciereoular even: £, 
J 


, I I ™ = 
zs 5 (2, eo fF a e * e Vi (Yo, Per >. 7, Fae! Ras cecoeegs oS [ ro 
' 1 I 1 — 


p 
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meewas tf. 1s amrOtal regulator, F is a regular event. 
(Note that the proof aiso shows that for a function 


as above such that E(by ree sbyray7++7,) (\ (ayt.-ta,)* = O, 


th 


then ag eee ease) gS a total regulator as h is 
then the empty function.) 

Pi VOuvereVOrcay Wercan Cillarge any regular algebra 
Beeegulators in such a way as to include the total 
Pequlators. We now present a few examples of total 


ieeulators. 


Metinition: Let E be an event in a standard algebra S. 
a ns 
Pewecertine the operators 4 and 6 by 


x 


Se [F] = 6 oe and et =o | 
F a 


nf g 
x re Le aoe 


n* rc 
denote the operator class {6 jee }U}, and we the 


for an event F in S. For aclass of events 


E 
operator class {6" |ze X}. 


Pete meramctencara algebra S, the operator classes 


(2r* (Rt 
6 and 6 COG toteore rina tc valueq total regulators, 
Eneteas, tOtal regulators which assume only a finite 


number of values over S. 





388. 


Let FE and F be events in S such that E is 
= 


& 
regular. Then a ee eo ee anid oa [F] = 6 rll 
a i 


Proof: 


Peeeeegubarewevenes, and the regularity of E also 


Pagulesetiat the Operators map events in S to the 


Met eely many event derivates of &. Note also that 


x 


the operators are linear as 6" [Ftc] = 8 el 
(F+G) 
i 


6 , LE] + 6 ,lEl for events F and G. (Similarly for Sao a) 
Ee G 


Semouldrny o-10.): For a class of regulators Il in a 
Sreanmdard algebra S such that (R (1) too segwlar algesra 


S-srequilacors, then 
me 1G 
Qc«nus® us® ya Sts} € Ris. 


Pietmiei eer anole, generalizing a result of Haines 
Pour ot aularge class of total regulators may be 
OSeatned by antroducing the concept of "divisibility” 
for words. 
Definition: Between words over a finite alphabet V, a 


Set ey mer acton |is a relation on V* such that 


(Gare) ee 
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i) a Vv aw aves FOr acV, 
(iii) wilv=awlav for aev, 


(iv) wiv, vju = wiv. 


Dem oeeve tie tOllowing lemma about divisibility 


relations. 


emilee, l/: There is no infinite ‘division free’ sequence 


WoW Wore ees Ci WweucesCVer ra rinice alphabet VY such that 


il 
Me ] implies that wifW,- 

PiseOu:  oexloogtapnicalily order the words of V* first by 
Pemgent ane orien OY a trivial order on V. Among all such 
wit terre al Vision free Sequences, if they Exist, there 
will be one with a minimal first word, Wo say. Among all 
Beeiwecequences beginning with Way ie remWi li Se One wit 
a minimal second word, Wy: Goncinving im ehis fashion; 


Pe Ootaineta Minimal sequence t = Wor Wyr Woreeee Now 


ests een ineinite Sequence alauV eis ta tintte alphabet, 
Pieneomentotoea-y SUCH Chat infinitely many words in < 
Begin with the letter a. Let fav, |jeN} be the subsequence 


= £ with this peeperty, where aVo = Wy TS eche FrivSesword 


Pymmeotining wate a. Then it is easy to see that 


— — — 


W W ee @ W = V Vv eee 
Oo! ee ’ _ os QO! ee ’ 


— 


toeowoLVvasion Lree sequence 
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Penmeraa CcCimeg the Minimality of ‘i 

Piweweenticaets Coulrvarene EGma result of G. Higman 
[}6] which states: 
Pteotci-ewelt Hots any set of words formed £rom a finite 
Peovabet, 1t iS possible to find a finite subset Eg of 
hesucn that; given a word weE, it is possible to find 


w.eE. such thatew, |w. 


OO O 
However, the lemma as given enables us to prove a 

mesdle On Givisibility"” Operators. For a divisibility 

pation | cn V* and an event E in v*, let DIV[E] be 


the event {w| wiv FOr some Vell, the set of divisors 


Ou ob. 


Theorem 3.18: DIV[E] is a regular event and hence DIV 
iemoieceral! regulator for V* events. 

Proof: We prove that DIV[E] is regular by showing that 
it has only finitely many word derivates. If wlv for 
Ves g(DIVIE]], then (ii) implies that awlav, so that aw 
nS aA DIV|E]. Hence w is in 64 g(DIVIE]], and the word 


a 
BeGivates @f Oly 2) are divisor closed. 





oae; 


Moevele there agemintinitely many word derivates of 
DIV[E], there is an infinite sequence of letters, 
Sonceye.., In V such that 

Divitsan, 6 oe Div Sih 6 g{DIV(E]],..., 

a (ab) 
mromriranlce Sequence .of distinct events (and a 
pecreasiigesequence as shown in the first part of the 


Ppuoocrt). Suc if we select 


woeDIVIE]\s ,(DIV[E]], w,e6 ,(DIV[z]]\s , [DIVIE]],..., 
a a (ab) 


then WotWyreees TomoleiiclieeesOtvlstOon £ree sequence, 


eeecentradiction. 


eorolmery 3.1621: hor a standard algebra S over a finite 


alphabet V and for a linear operator 2 in Cisie let 


¥ a). eee eis a eeral regculator. In 


pamereular, in) Toa cCOval wEeou lator. 


Vv av av Pee 
Proot: For | a sa a + Pe E Vx £60 aev, and 


- 


Seeking the OoeralOupsupplies the transitivity and ie eu* 


Seg imeemnOL sr Ouoe a Cl1VISIDiI lity relation. 
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Betor- concluding Our discussion of total regulators, 
Pe wpetmewoue that, altnougm there are only countably many 
Peow@bemme vents Im a Standard algebra S, our results for 
PiemeGeal mecqulacOnrs are Not dependent on the fact that 
the operators take only countably many values over the 
Beencs in 5. 

Let (R[S] ene icwelass sO cOuntCably-Valued requlators 
where operators in ®{s] take only countable many values 
ieee eon) os, alae addition, are linear regulators. 
Clearly, (K p{S] = ees) , but an attempted generalization 
Soe tatlseter Enis Class as shown by the following 


SreonD le. 


he emo oe womo sencabtevarocora OVer a2 Single letter a 


Pp Ph th , : ; 
and let a = ta |p, the m= prime}. Then we define the 
. Dp 
operator 2 by ofany = a*, for a” z aoe and Qla mM) ss 


2s th 
{a ~|1 < s < m+l}, that is, 2 takes the m~ prime 


Soochow te rirst mt prime exponents. Then 2 is 
trivially a linear regulator as it maps all regular sets 
Poem wOGntomomainice scl, and Similarly, & is countably 
valued as a’ is the Sivedccltetlonal see in its range. 


P 


Ove Vem, o* [a7] pe el Sceamon- regular set so that 2 cannot 
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Demise rrea Into any reqular algebra of regulators. 
Peotrerectass Of regulators, the eee 
pee -evgea NOt total regqulacers, Can also be inserted 


Mucorany regular algebra of regulators. 


Berinition: For events E and F, let 


eee | E+ F if F # O, and 


= 0 ie tS, 


Gee tOr a class of events Ne fee == #denote the operator 


class fo |Ee A}. 


The condition that -r, [0] = 0 is necessary for the 
linearity of the <- operators. Observe that if we 
i 
define ge ee =SE +! scorecovents FE and £, then a = ee 
Tr 


in 
and the + operators are the linearized = operators. 


Pete Obed Standard algebra S, ah operator 2 in 


Pe isl, and events E and F in S, 


afeo - 
(te. = Tofey 2 
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Enoot : Immediate. 


Meese o.20:) Or a Class of regulators I in a standard 


egebra ss such that (R (m1) Bo aeseGulean algeona, Of sequlators, 
then Rm u( t M &s])) <¢ Ris}. 


Broor: As in the proof of 3.13, we show that every 
Seesaton in the class is an operator of the form Fie 
fom 2 a regular event and fe R(T). 

RemeGegutdmeovents oN, h, Operators 2,7 in Qn), 


and an event X, 


($5-9)+(4,-¥) [X] = Q(x] +E+¥(X]+F = DP, ,- (2+¥) [x]. 


The similar result for (“75 -2) (sr, ¥) and (te. 2) * 
follows from the lemma and the fact that ® (m1) Operators 


ee moe Acoma Lac OrOOL Of Che tlieorem is now immediate. 


S@eeteerattee =a cle IMtersection operators proves 


PesemeOnorex.uerOm 4 regular event £, a iomcaeeebneads 
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operator, and we may also show the analogous results 


woe to {2) and (4), that is, 


ec ae E(})F’ 


Cia) 


B A+ 1s ee os - 


Oe) C 


i = fe 


PeveveG,sene Meenoas Of 3-20 Cannot be applied to 


patsmoOperatOr Class, fOr given a@ linear operator 0, 


oF (OF = One S| 


+, 


which need not be the same event as Q([F](M2[E]. By 
Slar reasoning, (1) 5+ 2)* heen moe De equal co Contin. 
and the question remains open as to whether this operator 
Oleceeyeal Se inserted into any regular algebra of 


regulators. 


Some Remarks on Context-Free Languages: 


We conclude the chapter with an examination of the 
Spe cemoumGegumazors On Gentext=—Enec events, anc the 
Seneecwr—rreo sonesenving operators, C [S] for a standard 


algebra S. 
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L. Pele (eis is not closed under the biregular 


moerationsS Of +, <x, and ve Let V be the alphabet 
{a,b,c} and L the context-free event (wow! |we (atb) *}. 


= 
The operator 2 = ) ae is in C{s] as well as 
eal) 


esl, ALenougi at 15 NOt es Bear. Le: 


= Bea x 1S [> 2, and then ¥[L] = {wew,;we(atb)*}, 


Peete otee eat GocCVvenc as NOced in the proof of 1.13. 


} 
Observe that this example also shows that Cielewe lolz 


ne AY Ssligne modirtication of the argument preceding 1.11 


shows that 3 cr) 3 Operators dO not preserve 


| 
C -class G\engiegye | Juste Ly and L, Dewenc COnNLext—free 


Patiguages acCfinea=in the example of Ginsburg and Spanier. 


a 1 
chien 2 = een x | : x ee 1S an open 


Lj+1 
convex operator whose dual is a regulator but 89 1L, | 


is not context-free as ().,-9,[L,] yields the same non- 


Seneere Eres event fa |n=4.67, iO Pee oem larly 2” is an 
Picreaotigusuboemeucton wiose dual does not preserve 


C-class events. 





Se 


eit. Although Q*, Cs are operator 


RY Q* 


roe 7] 
elasses preserving ( -class SVENCS as tiey are os 
ie 


operators, Q(X VU oe and Ce Us) operators 
Pemiot preserve C -class events as Re eas: Of B22 
showed that these operator classes generate all (coded) 
Becursively enumerable sets. | 


tic woxaipre OL GinsSourg and Spanier may be used 


egain to show that 


Qi ,Us JAOl[s]) ¢ fs] : 
RK 


Demmi pe the context-free language generated by the 


Dproauctions 
@ 5 
S > aSb oo pea Sl] Coa c So. 
. . - _ 
and let 2 = ((6 g° eas g° Bante g° =) : 
a a b b S c 
an operator in ooo .) Then Q[L] is not context-free 
e ; 
a br C d ms epee oe 
as Decl) a fe 5. +| 5] “= eae Weltje= te |n=—4.6°,120). 


Q ((Q*U Q*)N &fs?) c (R [S] since this class of operators 


@Omr=- pees FO Gruska's algedra of word pairs as noted in 





Oe 


meme proot Of 3.9. As C is closed under full Subst ecuti on, 
meska Ss cesult also implies that Gg Ges pec) 1G [s)) il 
€{s]. 

ireanormels formeof 3.11.1 £or RQ 5, 4) operators 


(R 


Glass of operators preserves © pelass events. As 


(similarly fox Qi QT 5 ) operators) shows that this 
é pune ee , this cannot be extended to R(Q*VUs ) 
e x 
mocmators. the case for R (C*U 5 g) operators 1s still 
i) 


open. 


ivemeine oroons Of 3.15 and 3:19 show that R fs] and 
Ne @[s] can be included in any regular algebra of 
WiemacOrns DLeSeCCVing. COntext-free languages. Indeed, 
the same holds for C,,{8] and “% (\ &[s] operators. 


Beiewe .aniole rol lowing 2.18.1 snows that the similar 


aomlEecoesn ‘tuhold for Rs] and easy 


V. PemeadeccmonOwn chat Open Convex members of A 


Sreewme bocca rider the regular Operations. 
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Chapter 4 


The Algebra of Commutative Events 


Per@renwecenctdering the theory of operators for 
commutative events, we examine Eiemaracoina On cegquilan 
commutative events and the corresponding regular 
expressions. Let ST be a standard algebra with a 
Pintee alpnabvet VY in which the letters are allowed to 
commute. For formal expressions E and F, let <E>, <F> 
Geneore the events represented by HE, F respectively. 
Pomusial, aneeyvent in S is reqWlar if it can be obtained 
maotea Lilite MUNser ©f applications Of the regular 
Be-factons +, ., and *~, over O, 1, and a finite number 
Seenon-trivial words in V*. tet &* denote Ene class 
of commutative standard events aan the class of 
Coumutacitve reqular events. 

In [i7], Redko lists an axiom scheme for cL 
essentially the one below, but we have added CO and 
Cl for completeness (and then C12 and C13 are redundant). 


For formal expressions E, F, G over V (events in S), 
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COew 4 Oo = £ 
Cie wr CO = 0 
C2: E+t+F=FH+E 


C3 : (E+F)+G = E+(F+G) 


C4 Se ESP = 
G57: ef). G = err .GC) 
C6 : (E+P).G = E.G + F.G 


C7 "8.1 ="2 


CSas 0 1% = 1 


CQ: (E.P*¥)* = 1 + E.E*.P* 
ClO: (E+F)* = (E.F)* (E*+P*) 
ARAM) ee 


Gio k +12 = 2s 


C13: (E+F)* = E*.P* 


By ceiving worm tne theory %i™real vector cones and 
a guestionable induction step (see Theorem 5 [!7]), Redko 
nas deduced that, given two regwlar expressions E, F such 
Pie or 27 Enc equality of the expressions is provable 
from the axioms (written E 5 F). Ginsburg [18], by inter- 
Pretciug thou woucs im V~ aS veetors over N, has shown that 


a s s . . 
Q is closed under intersection and boolean difference 
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Wee-eene remark following the proof of 4.1 for the 
Evuiveamence OF Beqular events and Ginsburg's "semi- 
miniear events), and that the result of these operations 
Peter ccriVely calculable fom arbitrary regular events. 
Below, we show that the sufficiency of the axiom scheme 
May be shown by a lengthy reduction process, and that 
Peromenecess also proves the closure of the regular 


events under intersection and difference. 


Mecwlar Expressions and the Normal Form: 


vers secretes, cecxamine the algebra of regular 
expressions and (i) show that there is a normal form 
BeemEmesouexpDEessSiOnsS in which the starred words appear- 
Pig sin any Single term form a “linearly independent" 
set, and (ii) prove that the axiom scheme suffices Or 
Bete tOlsitpseeeewoeen single terms in this normal form. 


Diewaomleyrigueare Casiiy deducible from CO-C1l3:; 


Cla: O* = 1 


ClS ian = ls ELE* 
Cl6sea* = 1 +t FE +...t exo + exes, =, 2a eee 
we write 1 +E +...+ pK-1 as Sy where Eo = O, 
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Cl eae *) “eek 
Clcgces .2— L* 


oy 


C1 we. BeG* = Geer ael)*. (sO ors Gtte*. PF ° GtsE*.F* .c ) 


wigere a, 8, yYeN such that at+B+y > O. 


Berinicion: E<«F <=> E+ F=F. 


C2G-920. ik) = 2G F.G 
C2122 hss F*.E 
Coe ete ES FP, 


Definition: For words Ws ii; ne negularTexpLession .OL 
el gle amo pain Wy*Wo* ++ -Wi*Wo, Crea rimicer SUM Or exXpressions 


fa ethis form, denoted 2 W*Wo*.- .W SW hs sald tO. De an 
£ n oO 
almost-normal form. 


femiiaj t.0:) Any Gregular €xpression, E, can be expressed 


in almost=normal form. 


Pager mcm ohow cthdc the Set Of Expressions in almost— 
Heomid ue tenteis closed umder the regular Operations. A 
Piece sou On we xobeoslOngmin almest-normal form is already 
iieaiiOSt=iewma! £OMmM, and a Linite product can be 


ne amoaicgeosOyetncmeonnuciVvity and distributivity of Ss. 
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Wemeany chien transtorm the star of an expression in 
Siwece-j1ormal form into almost-normal form by C13 and C9. 
Writ iiite Cxpressions, that 1s, finite sums of words, 
Peoeidealmost-normal form, the lemma then follows by 
mmauction On the complexity of the expression E. 

P_erame Lo diaecictr ew EMeceConmucative regular events 


(expressed in almost-normal form) correspond exactly 


8 


to the semi-linear events where the word aya, 


Semceoponds to the vector (a,;.5.,8), «, BEN. 


bSotinttron: A set of words {Wy,---,w} over the alphabet 


Petcmsata tO De independent if 


or Ay reees A By rere BEN, then a, = Boy Beet ue esp lye 


An expression 2f W1*+--W "wWeoas sala to be in 
. £ my © 
Pemic enorme ENC Starred words in cach term of the 


Sun LOM al andependent set. 


Poimaeedc-menmy ecegular Gxpression, EH, can be expressed 


mo mMOral Lorn. 
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maeet. = 1) View OL 471 it Sutfices to consider a single 
Sxpress2on Of the form W *+- Wo *Wo, Daemeee oct the 
Starred words do not form an independent set, then 


there exist ee such titat 


and at least two pairs, (a. ,8.), of exponents differ. 
Waenouc loss “of generality, we assume that 


res ae ss Os ae Bal = By 
Pas OS stl ree eT) 


Such that 
Con ss on), 
ici) a +.-.ta, =O Boy te t8L =O. 


Peoeneiallized torm Of C19 allows us to write 


a ac 


a 
aE Ss <a : 5 
* *%* = * * * * * 
W1*-ew, (wa 2 We ) (wo eb 8 WC ) x 
8 B <8 <8 
a 7 WS ) (Wow Wo eet TW Wy tw ) 
<a —S 
=v * os * * 
V (wy Wo*. -Wo*t. .tw)*.-Wo_y *w, ) x 
<8 <8 
: Say es e es n 
(Woy Wepre te WS 5 WE UW ) 
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Wetec 1S a £inite SUM Of normal terms with one less 
Seaerea WOrd in Gach. If any of these expressions is 
Meeein normal fer, we repeat the above process for 
Gace term, and observe that in a finite number of steps, 
Pemp~Ocess will)terminate, leaving a finite number of 
mormal terms. 

PymceOnvenclOn we Call an Cxpression which consists 
Smecwriitte SUM Of words sub=normal, and regular 
SeeGescocrons which consist solely of a sum of starred 


SeeyunceLons Of words super-normal. 


Deeorciweeo- FOr anvarbitrary regular expression F 
feeme Sifigie nNOrmaigterm Egsueh that <F> C <B>, then 


1 E. 


< 
c 


r 


NeweerstepLrove che following lemmas. 


Lemma 4.4: For a regular expression E such that we<E>, 


then w ae 


< 
ig 


PeOOt M~—icmicmourticient to consider E a single normal 


: _ a 6 
ferm , Va ee MG Say, and, if we<E>, then w = Vi °°%n Yo 


POtmoOMeC U,.6-—7Fe Ne We Can replace BE by 


a > => 





OIG. ; 


<8 B 
(vy + Vv. Yi -+- (Vi S Yo Me 


pmeGlniece sum of terms, one of which is Vv *--V,*w- 


Seomanc ell Chon amply -ehnat w < Vp*+ e+ VL *wW- 
ef 


Definition: Let | be the relation defined on V* by 


if and only if a; < BS Perecach in 


Lemma 4.5: Every set of pairwise incomparable words 
in V* (with respect to |) is finite, and hence for any 


event in V*, the set of minimal words is finite. 


Proof: | is a divisibility relation on V* and the 


mesult follows from 3.17. 


Lemma 4.6: If <w,*...W.*w> (| <v,*...v.*v? = <X> is an 


infinite event, then 


VW eee ro eT > ; 
Ws a QO V3 ve A 1 


PuGOetwnis -X> 25 infinite, there exist an infinite 


number of identities of the form 
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with Gyrere sO, By ,--+, BEN. Bs Seneesecusor minimal 
words With respect to | is finite, let u' be a minimal 


word in <X> of the form 


Suen that WU walvices an infinite number of words in <xX>. 


m@emeror ue<X> such that w'|u,u' 7 u, 


SS q = J = J fan J 
Re ao x ao e _ By B y Ba B 
a) ee 8 n ab e oe 8 m 
; — + } ; * * * * 
is a non-trivial word in <w,*..-W) Ce Save ene 
Eommari-/: ouch a u'' can be effectively found. 


PmcOl- mE ymcOusLdcCracton OL Ene system of the homogeneous 


linear equations associated with Wi*-+.w* and Va eve 
Hemant. O-meror arbitrary expressions t*X, t*Y, 


Soe CFV > Xo < tky 
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Maeeesr=— 92) C21 and Cl2. <— : C20 and C1és. 


BEetinition: For a regular expression F in normal form, 
the dimension of F, denoted dim(F), is the maximum number 
Seem@en-trivial words in the super-normal part of any of 


its normal terms. 


maoOr Of 455: Tt 1S SUELicCient fo consider F a single 
normal term and the proof is by induction on dim(F). 
Poets esubanormal, the sesult follows from 4.4. 
Consider E = Mio en Ve F= Wi*.. WoW, where we 
e@ecume the result for n. As <E> 2 <F>, 4.6 and 4.7 
Mipiy that there exists a common word, t say, in the 


Epon Nomlal pares Of the Expressions. By Cl6, we may 


molaceur oy dl ememession Of the form 1 t*@ues...u_*u 
¢ iE n 


and as t*E = E, the result follows from 4.8. 


Slee uClencyv ler sehe Axiom Scheme: 


We now show that we can effectively replace (by a 
tlengenvsprocess Of reduction) a regular expression E by 
BeGUla on soxpressioOns —cOrresponcing tO the intersection 


MoG@moooloateGlerereneemor the GvemeEe<e> with the regular 
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event <X>, for a single normal term X. This enables us 


monprove che Suificiency of the axiom scheme. 


Lemma 4.9: For single normal terms X = 1% 2. eX 7X 
a * * * * * * 
and E Vy cio Wee such that Vas Vo = xy 22K, 


there exist regular expressions Y and Z such that 


(2) <Y> C <X> and <Z> c <E>\ <X>. 


Em@@ercme sy Inauction on dim(E). ~For n=O, the result 
a a 
memerivial. Now if <E>/\)<x> += 0, let y = yaa ee 


mena Word in the intersection and by Ci6é, we may replace 


025) oA <O, On 
* * = 
E by (vy Sal Vy )eee (vy ae Mi TY, 


Ve en y + H, where H is a finite sum of normal 
terms of dimension < n-1l (thus satisfying our induction 


hypothesis), and Vy*-+-VL,* y as 
F 


HentWast-tO-sn FOr a Single nomial term xX = Xp% +. XL *X, 
Bi cmcenecguibcas sexpiEessiOn 2, there are regular expressions 


Voeand 4 such that 


(ai,) ee tea 


(2) <Y> & <X> and <Z> ¢ <E>\<X>. 
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Paoer- we ht SuUuLttCces €O consider E a single normal term 
Om, che form u,*.--u*u, endgene prooneis by induction 
On dim({E). The case for n = O is trivial and we proceed 
By induction. The idea involved is to express the words 
an <E> in terms of the words Xpree eX, Witm rativenal 
(possibly negative) exponents and to decompose the 
expression E with this dependence in mind. If the 
Wonds Of <E>M@are met expressible in this form, we 

m 


Ut u 
complete" the set {X,7--+-,x 3 with words x Pye "eres 


meh that <2 *...¢ 5x ee Pomnorials (that is, the 


il! m ~m 
set {Xp ree } is independent), and such that, for a 
word ve<E>, there exist rational ieee SUG that 
ry ne 
Vi= xX) “+--x P (that is, {x,,.-..,x.} is a "basis" for 
p 1 p 


meme words in <B>). 


We define the x, index Gi a Weng. v ine <E>, ind, Cue 


a 
as cee CxXDOneme Ou xs MimenewexpressiOne sor VY in terms 
of colgg Now for the word Xs if there are Ss 
im {uj,---,ui} such that cep < 50; ae! zac 


Piehe Ewe sorts DOsSLelVve integers plandeq such that 


ind, (a ,* ce) = O, and we may replace E by C19 in 
i 
terms of the word us” hee ips welear that aiter.a 





es 


Perce number Of Steps in this reduetion process, we 
Pepe avemces acca) by aq finite number of normal 
eemiicecadcm Or witch Seatisties exactly one of the 
following: 
(1) each of the starred words has zero x,-index, 
(2) the starred words have non-negative x,-index, 
and at Peast ome starred word has strictly 
pos teive x,~index, 
(3) the starred words have non-positive x,~index, 
end aemteast one starred word has strictly 
Ne Gia tanyC x, ~index. 


Neowecepedemmiqechis process, in turn, Lor X1sXo1--4X 


p! 
Wen OoServew™cla. tae ™reauccion process for the word = 
does not affect the decomposition (Lier), (3) wabove 
tome = Lalicee tid £inite number of steps, we have 
ae oecease sO vwerrIntce Sum Or normal terms such that, if 
(non-trivial) starred words appear in an expression, then 
Smee r wepeweal |! have mon-negalive x,~index, i= Lee Or 
they all have non-positive x,~index. Bye nductilon,, we 
HMeeavOn le sconmomees those terms of dimension n. As a 


Starred WOrnd, Va See iesuC i dace rietc wa Word Over 


XpreeesX Wit wiaeetolalCcOCtiuetenta, -by Cll we may 





daa 


el =e 
replace —_ by Oe J) x Z J, where qs is. themivewn: 


of the (absolute value of) the divisors of the rational 
Exponents in the representation of Vs Oveus ag ras 
Hence if Meee AV is such a term obtained from the 
meauction pxrOCcess, we may assume that the Me are 
mmcecgral combinations of the Bie Ae 
Now for the case where the Ws Nave non-positive 
Pde, tt is Clear thac we Can find positive integers 
SyreeesSy sufficiently large such that, if we replace 
<s S oe 


1 
* * * * 
Vi*---V,*Vv by (vy ae Vy Micmac +Vv Vek jar, then (no 


Ss s 
: i n : : ‘ ; 
word in SV ean Va -+-VL, ee Cue Ie Ge ee ti) 1S 455 


EGenOnly tern Of Cimension m in the expanded expression, 

Sie @meeslleweellLows fOr the negative case by induction. 
Sa bare venom. cic Ronee case: if some me has a 

Siis@er ly DOSiti ve x,-index fOr i= Mtl. ..,0, we May 


on ; 
* * * * J a * * 
replace v)*..v*v by v) I oe Ne )eeeV, V 


Pema DO stil Veuilmcegel =; Sure lelenuny large so that 


> a 
i ce v> has no word in <X> and again, 


Boeri omencwonky corn in the expansion of Vy*-e-V,*V 


Seeoriemetone i mwecne cLesult follows by induction for 


this case. 


eS. 


Mwy to complete the proos we mustmily consider 
cerms of the form Vy*+++V,*V where each ve has x, -index 
=m O for i=l,...,p, and x, ~index ="; i-Mti,...-7,D- 


Mire result £Lor this case follows from 4.9. 


7 -Oroete L-eeor a regular expression E and F such 


made <F> > <b>, them F >yE. 
pr 


BaeOr: wey imGuction on che number of terms in the ex- 
PeecelOuee Por a Single term, the result follows from 
Eeo-eeWe assume Ehe result for expressions F' with <q 
terms. Then for an expression F of the form BPItK)*. 2X *X, 
fe eOvimplics that E cee + 2 such that <¥> © <x)*..x_*x> 
aioe <F wanaecie induction step follows from 


another use of 4.3. 


mew ecOlecan Operacions for Regular Expressions: 


emma 4.L0 also=amolies that commutative regular 
EVeneemakeme esca Under ineerseccion and boolean difference. 
POvVCVCm, EMeuseauctzon process in actually computing the 
MiPemsecetommancuciirerence £On EwoO regular events is 


LigelymenGeWwemorovrae here a shorter algorithm for this. 
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lemmas. i2: For regular expressions t*G and t*H, 
t*G A t*H = t*(t*GNH + GNt*H). 


PEOOL: 


eG (\ t*H y (e*g A t3n) 


1L,J 


Me Giese ee) (ee Nea) 
ik ds 


= J tti¢Neku) + J t3(e*e NM wy) 
diye j,k 


t*(G 1 t*H) + t*(t*G f\ B) 


t*((t*G 0 H) + (G NM t*H)) 


as was to be shown. 


Peomoael- os: se bOLusingle supernormal tems t*A, t*B such 


Eide Ape said A > B, then 


t*a\t*B = t*(A\B). 





TS 


Proof: 


exa\t*e = J tta\exs y tta\ (es? + ttt*)B 
i i 


ae eA Neo) 1) (cta\ t*t*B) 


Te sie <a. 


PO A eX ce* Fay) A tha \ ees Na). 
i Osik<i 


oen BE, then eee and as 2 is a super-normal 


expression, 
tt *a\s = See ee) B) = t'“Ka\o = tia Ky 


mene 2 k. Then we have that 


cea\t*B = JF ( M ttay NM t*(a\sB) 
ieee Scat 
ee eS an A\B) = t*(A\B). 
i 


Pocouecimowea eOrecach, palit Of regular events E and F, 

Ef F and E\ FP are regular events. 

Beeer =. SULTECes tO eoneee Band iwas Single normal 
terms. The result for intersection follows immediately 
Pacino Cl,wanau4.12, by induction on the dimension 


Oi fang F. 





i 


TNE =preeL Lor boolean difference is again by 


PieuctLon On the dimension of E and F, 


and for 


eas) +eoam(h) = O, the result follows trivially. 


If F is a finite sum of words, 


the result Eollows 


miyerepeacea uSe Of C16, so that it suffices to 


Sousicer Eoana hf Single normal terms of the form, 


= 2 


Seen that EH > FF. 


ee -Wi*W, 


Pee. © 


In this case, 


renee 
i me 9 


fOr SOMme a, oT peooeey a, eN, and then, 


(E \F) 


oO ot 
fee 2 = Wy eee 
n 


ku * * Kiy x4 O 
w(t W,*...W, Ne Map ees e Wy 


a 
ia #1, then ata 


Stereos ie > 
as n 


C16, we may replace t*w)*...w,* by; 


(eae 


As this is a sum of normal terns, 


dimension <Mm, with the exception of t*w,*.- wi 


- mee) (ui 


<a 


ee 


W 


a 


oe 


mh 


<a 


*)... lw, 


all of which have 


*Z 


Oi. 


ay 


Piemerren the pros.em is reduced to consideration of 





ds 


* * * * * * a * * * * * * 
(= Wy ee ao . wc V ee ve e Now as ge: ae . eS = ie wy e enV. a 


al ra 
: T a 1 , 
there exist mi aioe 4 eal ae eae yc. e N 
such that 
(4) a 62) 6? 
v. = t° W 1 cree W ‘i sie oe ee 
ae 1 n 7 f = Getty 
(a) GD) 
oF oS 
and we let u. = W Rees W Ceecnien, co Ws swe oS 
at a a il n-— 


t*u,*. e -u* ns t*v,*. e ae Z and 
‘ 


* hc * * * a aio * * * * * ic * 
t*w --W Nee Vi *--V, iE W,*--w, \t Uz. su, +t u,*--uL, \ 


a 


ere = A+B Say. 


tew,*..w,*\ t*u)*..u,* satisfies the condition of 4.13 
and then the induction hypothesis provides the result 

for event A. Now if m <n, another use of the induction 
Pm OOLNestSeimplies that B is regular, and if m= n, we 
may replace t*u,*...u_* by repeaced use of Cl2 to obtain 
Pei ce Simone nermmal terms, all but one having an inter= 
section with t*v,*...v_* of strictly smaller dimension 
(and hence satisfying the induction hypothesis) and the 
exceptional term being oe tev Peseta, ana SO 3 1S 


elso a Lequilar event in this case. 





ES 


VemeocomomNOce TOlm~tac GUeCStLOnNable proofs cd both 
Redko and Salomaa [}49}]. These authors rely, as we do, 
Senethe normal Germ for regular expressions and the 
eesOcratcca tinear independence. The result for 
Gxeuessions involving only single letters in the 
Super—normal parts of each term is proved by induction 
eoeane4ei1. ney then conclude that the general case 
nequces Pechis Seectal Gasc. 

HOWever wemsmow that Chis reduction is not straight= 
Boman ,eeveMmEr tes result might be proved in this 
fashion. 

hems Cuca tiae cach regular tautology in eu can 
Pemoeoved lee we Caleprove relations of the form. 

F = y F. Soe, 
j=l 7 pr 
Poewemecd cligie Normal term of the form Vee WY and as 
Jie yw c= X > Y 
er pr 
POGNaA Tsing tesword w, we Can even assume that E is a super= 
Hemilal oxpressiton.. then by 4.9, this is equivalent to 


showing thaeé 





ie 


and as Ff} E is regular, there is a regular function f 
such that Ff) E = £(w,,+++,w,) and the expression 
E(wy,-+-,W,) Has the Same number Of normal terms as the 
expression F() E. Hence the problem is reduced to 
showing that 

£(aj,--+-7a,) & a *-.-a,* ; 

er 

Piere hie ass i=i1,...,n, are single letters (and we call 
a,*-.-a,* a universal event). As Seon g(ajr+++,a,) 
BOGnany Gegqular £UuNCtiLOn g, it is clear that we are 
Begqguicred CO prove Caucologies in which only one of the 
expressions has starred words consisting of single 
Meetcers, and in fact, 
BEGmestelon: very regular tautology in S may be reduced 


t© a ‘universal’ tautology of the form 


= * * ' 
£(aj,--+7a,) oe a *-.-a,* . 


Vici cise inemind, consider proving, for example, 


(ab) *a*+ (ab) *b*+ (a2b°) * (a2b2) *atAp ts (a 4p7) & (a2b9) eal 4p2aaepe, 


The expressions are obviously equivalent as the first 


two terms in the left hand side are equivalent to a*b*, but 





Or 


eaymaceem pe EO CeCcompose sa*b* by repeated use of C10, 
as suggested by Redko and Salomaa, to cater for the 
Betiaiming EWO terns, makes the problem considerably 


Mere complex, and seemingly impossibie. 
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Graocer 5 


Seetacors and Regular Commutative Events 


In [20], Parikh has shown that the commutative image 
Soe eCOvcCetoerce language 1S a Se€mislanear Gvent--that is, 
meegGular eVent if Consia@ered aS an event over a commutative 
uptalcteeecois result has been described as “among the 
Mese rtunaamental and subtly difficult to prove in the 
theory (of context-free languages)" ([20]-editorial foot- 
note), and Parikh's theorem relies on induction over 
generation trees. However, because of the 'context-freeness', 
the commutative image of a context-free language generated 
byea Grammar —T is the Same as the event generated by tne 
peommuUtawive’ COntext-free grammar [', obtained from I 
Pyeatlowing all Letters in Vu U Vin tovcommucc. In this 
chapter, we first show that Parikh's result follows easily 
PaSimaieMore enema tNeOrem CONnecesning nequlaer solutions 
Cree Gu ceed tons aid ehen Showsenat the lateer result 
Arta ion omeCratNecCorem concerning Che closure of a 
Class omeceamia sooo thtcuLtons. We conclude the chapter 
Waenesceme CON )|eCcem@scom about the closure of a large class 


Smereoulators sor Ene commutative events. 
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Commutative Regular Equations and Parikh's Theorem: 


Pieiomeleas thdtatne language generated by a grammar 
meontie Minimal Solution of a corresponding system of 
equations. This is simplest seen in terms of an example-- 


ehe language generated by the grammar 


A> A°Ba A > AB“a A> b 
Beene Bra 
Wiener — 10,5359 V. = .a,5}, and A the initial letter, is 


N v 
the smallest event X for which there is an event Y 


Satisfying: 
xX = x?va + xY%a + b 
Y= xy? teens 


PoGiicCiecmaEccslicmenenm 15 aetheosem about solutions 
Orem nl be egualtOns, Over a commutative alphabet. It is 
therefore a special consequence of the following theorem 


Cielo nenceio bale ceqimar Ccuations in Variables representing 


commutative events. 


PeSoren Ome coyoctem Of requiar equations 


Zor 


Xx, = Eu (x XX x) 


(oma eo 


e X_,) 


x 


= f(x 20 Xk 


oO epi’ ~ 


gmewhich the f. eeomceCilar BUMectLONs Of their arguments, 


has a regular minimal solution (for any given events 


es 7k), 


Our So ieee a? 


(2) 
xX i: Ge (K pyres Ky) 
(Gnewhieh the g, are regular functions) in the sense that 
the events Kore eX defined by (2) satisfy (1) and any 
sequence of events Yorseer¥, satisfying (1) has 


meeos “eerie Xi 


Pager. WS Lirst consider a single equation Xo = EQ (Xo Xp re  X) 
Pemieeconcomatea tie techniques Of Chapter 4, we can put 
this equation into a form, Xo = E(Xy ++ X FP (XX ree Xy) XQ 


Ca be Gos eae are regulansiunctions=-we abbreviate 


ees. oO 
Xo = E+ F (XQ) +X ~ 


Now this implies 


2a: 


m=] Te )*.e = GE, say, 


where G = F(E). We now show that G*E is in fact a 
PomuecrvounOL Ws), ana SO is the required minimal solution. 
ie O(XoiXy re ee XK) is any word in Xo X pre-e Xs, which 


involves X Picimucingernie melation Y*Y* = Y* and the 


oO” 


commutative law we have 


Oye ZX X_) = Y*¥.O(2,X 7 ---/X,)- 


1 oat m 


Weing this we derive 
PeoeG 2) .Grh = Bot 1G* Piz) .k = EB + G*.G.E = G*E, 


peoving OUr assertion. 

Po solve systems containing More than one equation 
Wo mUccethis dowta@enlnduction step and the fact that 
Regular LuUnect1OnsS Gf regular events are regular to 


eliminate the variables one by one. 


As an exalpilc Of the technique, we consider the system 


C= Evo couaelons which we discussed Carlier where 


(XQ 1X 1X4 Xo) = Ceca fone: 
xX = x°va + xy*a + b 
Zz 


Y = XY + a. 





en: 


iiemy-equatiom in form (3) is Y ele | ae 1 


(Xa)*a. Substitutin 
g 


and so has the solution Ae 
eieeomiietne X-Couation, we get X = x? (Xa) *a7 + X (Xa) *a> + b, 


Saaineche form of (3), 


é + (Xa) *a2]x 


Sui cra) *x-a 
whose solution is 

X = {(ba)*b2a* + (ba)*a7}"b, 
whence from Y = (Xa)*a we get 

Y= [{ (ba) *b2a* os (oajee ) bal ae 
Expressed in normal form, these solutions may be written: 
2 


X Be + oe ea 


3,* 
b + (ba)*(a~) a 


2 


at (ba) * (a) *a b 


K 
II 


We new teumalize the translation from grammars to 


equations. 


Ecuclloea moms mmc e 1 be a COneext-tree grammar in 
which Vig and Vin Suemeons decreed aS Generating a commutative 


Sami cououpe. 9 laen L, is a regular event. 





EZ 


PrOoOor: TO each A in’V we associate the formal 


IN’ 
expression eee Ve where A > dpree eA = Os are the 
productions in P with A as the left hand side. We 


Paemmcensider the system of equations: 


xXx. = ey ee) 


ee ge = 7) ; 


~ 
| 


= fee X 
Pp p oO 
where (i) oes are events corresponding to 
a eee a” respectively, and 
(1:08) So ee oe as the (trivially 
regular) function obtained by replacing each 


AS by ae iiecne LOrmal expression associated 


aie leew 070s). . «pe 


ft USSeclear that xX. = Im, (A,), teOeG.. , Op 2S the 
Minimal solution of this system of equations, and from 


Picocemomlrciouminimal SOlUcCLONM COnsiSts Of regular 


Svenes. fm particular, for the x corresponding to the. 
Pitclal wetcen im Ve X= Ep is regular as was to be 


shown. 





eT. 


Hence, for the grammar considered earlier, we 


228 3 


have that L, = b + (ab) *(a*)*a“b” + (ab)* (a?) *axb, 


Pom cnus tie following corollary. 


Berollary 5.1-2: (Parikh'’s Theorem). Let f be a 
MeMeext—-rree Graumar generating a language, Lae Thien 


EgewcOmmutative image of L, is a regular (commutative) 


r 

Sveucewiose normlal form can be found effectively from IT. 
ae 

Bumeogular Operators over : 


PeeconeeXteireo onaman Can be interpreted as an 


Seeraeor Of the form, 
= A 
a = | Ac Blea] or, 


(where V = Vig Vip encweic SUledS) taken overwald productions 
Peewee 2S) Operating On the initial symbol Ag Geecene 
Pear. memenecOrcin above then implies that 2 is a 
sequilatom wien Vil Vin Po wecONSt@esed as cucOlmucaci: Ve 
gieta0- ep onemas ets the Star of a biregqular operator 
(followed by an intersection operator), it is natural 
EOmiiVves el Gacemene Properties Of the [3 | Speracors 


for commutative events. In this section we examine 


the analogous results of Chapter 2 for the biregular 





2S). 


PPeroreu Over Commeracive populations, and an particular, 
EPeovecigiee tes Open regular substitutions are closed under 
Pte oeele Scarred Operator above is an operator of 
meow ype, we GCxtena the results of the previous section 
ang motivate the conjectures of the final section of the 


emapeer - 


ir 
| & | operators abemece ica aS 11) Ene NON-COMmurcaltive 
Seon Or Dltegular Operators; we observe immediately that 
these Operators over an alphabet of n letters correspond 


to commutative regular events over an alphabet of 2n 


letters. 


femness.2: FOr a finite alphabet, V say, 
+ 
(1) There exists a normal form for a operators. In 
+ 
ether words, every event in | & | 1S Of the. form, 


ply «AT Le). 


iy n 


where WareeerW WyVyp rere VyirV are words in V*. 


n 

(25) Alieadecision problems for Q* C@unesDOnNd to decision 
Qr , : [Qr 

problems for [a @peralors, ana in particular, ‘It 

has soluble equivalence, emptiness, and membership 


decision problems. 





ao 


(3) \& | topelesca UnCer Intersection and complement, 


Pmee ence L£Orms a boolean algebra of Operators. 


Peeor- Ass in che Similar results for QQ” et Chapter 4. 


Lemma 5.3: Let S be a commutative standard algebra. 
Then for operators 2 and ¥ in eae and words U5 V;wein 


st 


1,3 
eo al xi+k co xj+k Xj 
= [| «a.[ | Pies eg Hl xa. [| xY 
i,k u W 4; W 
oo Xi xk oo x7 Xle 
- a x(a. [¥] x¥) + J Y] x {*] x2. ¥) 
u W u u 
Kk as 
i T iF 


(fy - means oll x yy] as distinct from [| ; © | ys 


£30. 


“- T : 
Theorem 5.4: | i cc | ae | : 


PeeoOlemeeaetn tEheyproot or 4.14 the result follows from 


peeorwanc induction on the "dimension' of the operators. 


Corollary 5.4.1: ad Le Cc Ri and 
| reas ema PSE] , that is, the os 


Seecacors are regulators. 
Beeort. AS in the Similar proof for Le Oper actous. 


Peso lany oo. 2s lone Commutcacive regular events are 
Pose omuncer Trecuiar event ditterenciation, inverse 


Po giloreclosetticion, sand regular SUbStitucion. 


We are now in a position to consider the star of 
MiewoOocCimEcdubar SUDSTITUCIONS, and we first prove some 
Meceusatymlelmtas,, LIC £l1rSt Of which 1S Gf further 


fice lL oer NoCmciiat SCCtLOnN Of the Chapter. 


Lemma 5.5: For a commutative standard algebra S* and 


@perators veand Yin secs ue 





tor: 


Cop Ax. AXY > AXTxY, 


(2) (axay*® = (axa")*, 
Pusoou. (1) Let Pe’ | and (2) Dewadrlitrary WOrd-pairs 


ooaeand Y respectively. Then Ax2x¥ consists of word 


we'le W ‘ail a 
pares OL the form en and as | x feu x [ ¢ | = 


wt et we' S : : Ps : 
ee | x ae . ont x al Homeietne Coeracor product 
feueexY, (1) follows. 


fz ecivially axa" 2 AxO, so that (axat)* Paes) +e 


foewiirot pabemor the lemma implies that (Ax2)* > axa’, 


Lemma 5.6: Let Ry be the operator el that to ecoasay 
A x [a |. where A is a (commutative) regular event and 


aeV. Then natal] is a regular event. 


EvOO!. se oseiaethe proof Of 5.1, A may be considered as 


an event of the form 


E(Wy,--++/W, a) a +E 


SZ. 


where (i) Wires, Wy, are WOndse nm Na) 5 
Chey eeetsmcaereqular event in (V\a)*, and 
Caw iseeaeceular function, which is a non-empty 


PUuMeciLTOn LiL aeA. 


The minimal solution for equations of the form 


xX = E(wi7--,W,X) -X+E is (£(wi,+-+,W,,E))*.E - Then as 
25* [a] eS E(Wyy--/W,725*[a]) -2,* [al] + (atE), 

we have that 

25* La] = (£(wy,--,W,, (atk) ) )*. (atE), = a Say, 

Hora cegqular event. 

Somollary 5.6.1; 26” BomoamOpen Prequilar subsei tution. 
Proof: 5.5(2) implies that (a x [2])* = (a x {$]")+ 
and as A x a Pow Ooen SUsscimeElON moe.) implies 


a ali 


fiat tes estareis also. Hence 25% = A x = (*) 
a5* [al 


fr 


fo va ecuctmecalVaresubSt1 LUtLLOn. 
NOce.evarmoworand itS corollary also hold for the 
empty word in place of the letter a as (5)* [2] = E* isa 


sat 


BequkaceevCuueiu © 1S regular. 





Poo. 


Mieco. mY" 2s al Open regular substitution if y is. 


Proor: Let oy = @) +o. lt =) “- er and 
b a HE 
b5 = 2 +e. et a + Es 
(,)* (B] (,)* [D] ()* [E] 


Meme Veieswo, 5b, 7 D,G Ineve and letters a,b,...,d in V. 


Then for 25 = A + 26 = A + ae we have 
b b 
b S a b 
Cee) = (2) {A < osha oy 
ita 8 5 A B Pe as ali 


and hence, 


b De, : n = 
ayn = Fo Bs 5/ eo ae aes 
LS oo es * a 01° [B] 1 


he tnewmsolliows chat 21%. 7-2” = b5°2,* by noting 
* = a eee 
eo eee) ) le 


(ii) Q)* . Q)* = Q,* for the left hand inclusion (<x), and 


: b 
(iii) Q)* . fees) i POI CC mconyemSc (>). 
* 
95*[B] 
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Now let 9 = i + 4 ; then we have that 


oo (eae (.)* = x ep te) 


a n a 
I (+ G7. Ge 


' ye vee a a a 
Byaeene first part Of thesproort, (.) -o5-(,)* = bn (A)*, 
and so ¢* = Cre) % ~eethen by induction on the number 


Peberrorcs Iie, ver may seplace o* by the iterated 


composition 


al da b ei 
Pole eee (a Ce 


face B= (2) (Byes. se) = eae ee eee. TED: 


Also 9o* = (ot)* and as Ae tSpan Open Substitution, o* 


Domalso.meoewece, we May assume that ¢* is Of the form 


a b a | AL 
(*) + +o..+ + 
etal | o* [b] ¢* [dl o* [1] 


PiecweiceOnemmegoy LOllows, fOr 1f Y is an increasing 


= 


memulaig subSticueion, tnem Y 1s Of the form a where the 





1S. 


eee, ee ane neculanr, and o.6.1 implies that 
Pee Deere all regular events. Hence ¥*[a],..,¥*[1] 
are all regular events and as ¥* is of the form (*) 


Eevee mtec as a reqular substitution. 


Seretlanveowsal: Parikhis Theorem (again, :). 


Proof: The operator--mentioned in our initial remarks-- 
mitre NceorrespOnucasto the grammar of a context-free 


language was an open regular substitution. 


some Conjectures: 


[2 


mot. However, we consider the stars of operators in a 


As in the non-commutative case for biregular operators, 


o Te | 
is an example of an operator in a whose star is 


+ 
Seeeclal Suo-Class Of R i 


dais he ae 
Perini Evora Let & denoeestne class Of Opecrators of 
R < 


the form 


4, x 


Wieme NLS ani pes S@perator Over a finite alphabet V. 
CR 
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Analogous to the non-commutative case, we call (x) 
Qt 


Speracors Open. 


Tr 
Lemma 5.8: (Be) is eiesed Under the operataon » ; as 


well as +, x, ™ 


+ 

EmOOr mt ne proOor Of closure Of (@.) Une eiggEile Wt tcequl arc 
@eoeaclens 1S a Straigierorward result of the axioms for 
Qt : : Ge : : 

Oem Vie NX Oat Qr] s 5.4 implies that Ax2.Ax¥, 

+ 

aad Say, 1S sa I Peancamoouserve that @ < Ax¢. ‘Then 
£OxX [lee eeere 25a word V in V* such that A LS in 


AxQ and re is in axe Lhen for any word w, 


we 2 W V W Ses. 2g 

- - [*] x Pal : [vl x | tSelae tne Operaror pECaUcE 
+ 

AxQ.Ax¥ . Hence Axo < ¢ and so 9 = Ax¢ is in fo) : 


ft is cléar that the grammars of (commutative) 
> 
context-free languages may be considered as (3) operators, 
and im fece, a grammar for any finite rewriting system, 
Eidt wim rirecece list Of rewriting rules of the form 
+ 


w-> v, is an ( Operator. We now make the following 


Gorn] Cclures. 





oe 


, Qt 
Ponncecure A: > bor Y ¢ qr) ! Ve Seca cM aloe . 


DMiegow Cs oao-L, Arts implied by: 


~ 
Conjecture B: For ¥ « Gr ee R (the open mapping 
ar Qt 
Sea ecture). 


Mewic Cs vous from the proof of 5.8 that ¥* = Axy* 
; solagen, lanai QT 
and hence, if ¥* is in{ & Peciene ye 1s an Qt 


Secuatou. 9-9 also implies that B is equivalent to: 


oP 
Comiceture B': eo, Hs Closed under +, ., amd *. 


The following example shows that, in settling these 
Benjectuces, we Cannot hope to use all of the structure 


BecOny fOr Operators over A NOn-cOommucative population. 


Lemma sos “POrma standard algebra S, 
(19 GOucapere. [s7] is not closed under the biregular 


Speraelons, 


oe aeano is) G [s*]- 
oF 
Oy aP 
BEOOL > sitet «be the Gt Gecrarok, as ] lp a prime}, 
and then for an event E, Q[E] = Q[a*NE]. As regular 


Svevesmeyer assinglte Letter ane both Q - and Q*-events, 
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3 
Ene Lace Seelver | Moa Class Oo: regulators implies 


teat 2 is in Curse However, 
eit! 
OS Fe [(ab)*] = {bP | p a prime} 


fomad mon-reguilar event, whence (1) and (2). 


Voor ocmoult CVITCenCe im SUppOrt Of the conjectures. 


+ 
1 Coemerecular Substitutions are (@) Opcracrors iand 


+ 
EuemGeguiiars Closure Of this Class is a subclass of (Gr) - 


Wee tie sangle Varraole case: 

First, we frote that for words w and v in v* (Va 
finite alphabet), A x CA corresponds to the operator 
a GEeChapcer eo jouteam Eis case Wevarc considering 
GOmmutative ditferentiation. When V is a single letter, 
a say, 


(a x ben p* 


ieee 


+ 
2S an ey Seeeater, as 16 1S im the regular closure 
cmmenemelacscwotsuragnitnor ele) Gitterential operators 

CGVemeamorrGlenlcerer, and the normal form for operators 


Sreriecmeypoe aeoll..) provides the result. 





So. 


When we consider the general single variable 


PrEeolem, chat IS; eeperators of the form, 


n n 
r{ %oa] a Pat en 
Y =") x m Xoo eo X m x ’ 
fla lt a PB am 
Pewiiady Nommonger assert that this operator is a regular 


Bvmet1on Over the Operators a and 5_- However 


13 n 


n n 
a : a Pat a 
A x My Katee x _ x - does correspond to a 
a a a 


Gemeexe-rree function over the operators a and ah OL 


Piero. lOwrng LOTT: 


m.q mq 
10 
L= fa (a (Cee! s ee) Wom lig sea qreN }. 
De nid, on al p 
PemCem a caoove Corresponds to a context-free 
Porctlon £(a,6_) = () i) * Of pend 6: Now tor the 
if 
Operators a and bas we have the relation 6-8 = A. 


£e rolilews that ¥* corresponds to 


Cee me | (£(a,5_)] 
i 


a 6 ox 
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PiecOMpucang wiich we consider a and 6. as epee cs. 
Mimelatecru myc MOvead that Operators of the form 


i 
Peumom- aye rte le Of Chcir properties for preserving 


Seca \* S 
(°s ) were | @ | operators and hence regulators, but we 


Se@icext-freeness. We suspect that operators of this 
Pp ome@npsecerVe contexe-rreeness but are unable to 
PpeevemeOlS aes presene. | a, PpOSItive anSwer to this 
Muccttonewouldsseetic another open problem in the 
Bieom "OL CONLeXL-tree languages which has arisen 
Mao cane nveselgatlemmor the Dyck languages [M. Nivat, 
private communication]. 
Gime). 

ae ( ¥ 1S an Operator with this property, then 
We veuld Deva context-free event in and xs and by 
Paced SLNeereiy, thie commutative image of this event 


would besa segular event of the form 


a As ieee 6. )* ats F say, over the letters 


a and 6: It follows that 





as 


wale: eee 
Bo a | 


or) 
Hoan @peracor in (SS) We OeEcwenac We Gu NOu ASSerL 


that 


Molds as an @perator equality. 


ieee Ihe general case: 


When wewconsider Operators of gene form, 


wo PRY ee [Pe [ep 
1 ed ig) 
ome iVvomcotumntercpret the Operator vas the star of 
a finite sum of linear operator events, () L)* say, over 
the operator alphabet fa,6.| aeV}. ee if V has 
more than a single letter, V = {a,b} say, then a typical 
Cneralon woredsmight be 6_-D.a, andenereswerdo not have 


Pie VeOMmuULivicy lon che Single letter case. Thus, if we 


were to parallel the above argument, operating on () L)* with 
= 
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6.7a + 5-4 
would noc Suttice as this operator 
3 


weuld have mo effect on 6.-b-a Poo sabloLaecony LOM 


Of an operator would be 


5 ban j os 
== /Neex = >< /\eeX she +A | 2 Nex bla } 
( V a | V is vere {2 V 


but unfortunately, this operator does not preserve 
cContext-f£reeness as the example below illustrates. 


Let V' = {a,b,c,6_} and consider the context-free 


event 


©. (Ge a ec) eo) a 
n>O 


oD 
il 


Giolm=> >) b'c"b™, a non-context free 


m>O 


aen a ee : 
event. 
However, the damage is not irreparable as we note 
that in the intended interpretation § corresponds to an 
(&) Gbemeatereas does 2/6]. Hence © might be a suitable 
BOMMNOR—NCBematorn, 1 we Could prove a theorem asserting 


that for a context-free event M and an operator of the 


fomy 9, the commutative image of A, 9[M] ioe Gu bai 
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event for regular EB (although Q[M] may not be context- 


Peceye Tais appears as@dift®@icult as the basic conjecture. 


Pomoveelecuiaci ve tO Ene above approacn, we conclude 
the chapter with a possible ‘zeroes Step in an induction 
PeecOrt, that is, we Gxamine (Ax2)* when 2 is of the form 
ify] 

é LY, 
iwi LuOnmererea word w in V*, Let V(w) be the finite 


subset (of the alphabet Vv) fa] a is a letter in the word w}. 


“- 
henmasseLOs (A x [pe «(G+ ) 


(ax(*]) = (ax[2]ax[¥]) = atax(2]. cax[¥]od t]yeeax[ | : 


By 5.8, the problem is then reduced to consideration 
Gr (a x (y | - a [3 p*- Now there exist subwords 
w', v' Of w and v respectively such that 

(i) viw') f) v(v') = 0, and 


a een) oe end Vv =ay' xXener some word x in V*. 


Men for Z, UEeV, 
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ee |: ' | # O = 2aw'x = uv'x &>z = yv' and 


Z La oe 
ul = Vw SEOG Somer word y in V*. 


Hence (A x he | ok x Ea = (A x ae and as 


fae 1) Viv') = 0, 
ox [Me ox(e} = ae(e] fe) . 


t 
which implies that (A x Le )* 
Is V 


Il 
> 
x 
[Sane 
= 
ais 
-} 
fu 
we 
O 
‘SO 
0) 
Ky 
~ 
ct 
O 
hy 


+ 
en) (8) ase was) to be shown. 


Pp@eorceieon lls bet “be an arbitrary (Operator) event 


over the operators AD eee Sar Syreees and ¥ = (2 + zus ) 
u 


Bore VoGds 200 etdenet* — 10* 2 (cud )* . O*, cand .if 
u 


+ 
We 1S.an (Ro) mo GoLOmmunecieo.>o sand. 5.10 implyesthat 
yk > a 
a omen (a) OpeCracer. 
Peeeremesc cmoncd t DC wOrdsein V*, and then for n, m, peN 
EWecMweNateoe7 sO, 1t.is Clear from clementary vector space 
EMeOny —ciat 
te(zus ).a™. (zus )P[s] — ted. (zus yo Pte). 


u u u 


ft follows that any product of the terms 2, zué is 
u 





aS. 


Seuivalent to One Of the form a”. (zuse oP for some 


Dem, o N and the theorem is immediate. 


Seu laty Sall.l: FOr wOrdSs Ww, V, Zi, Uz, =. Ya? 


Pere eect, eee vi, in V*. 


Qr 
eS ail Be) Openalbor. 


Meeots Ine cual result of 5.11 is that 


Une. COLO litany semen Lol lows 


3 Bowe (U5 ars 


Zu 


yk = Q* 


meen orc, D. LO and induction on nm. 


Wemconclugesenewecnapter with the remark that this 
approach also doesn't appear very promising, since the 
+ 
EOulowing type Of (8) operator shows that we cannot 
hope for a 'formula' or ‘standard expression’ in decom- 


+ 
pesing the i) Operators. 


ao ete Tic eae 
(a a ; num Lae = 6 _n-p, m+) 


Let 2 ~ 
pas aa 


where N7m,peN Such that n > p. 
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+ 
on m,p 25 an or operator (easily proved by 
appealing to a geometric argument) but it is not as 
Beame” as thevoperators of the type in 5.11.1. It 


can be shown that 


n 


. pert. in-p peti; 


. (qnhtip™s n-ppmtl. oe 
Sie 


-a 
m an Ppymrl apm 
PRamwelcdemne Orlcmecnmorce in the application of the 


suboperators in 2 would suffice. in other words, 


when looking for a 'standard' form for these operators 
ieee li We Migmuen le Morcea CO apply the sub-operators 
MimaeceGeatnepactermm fOr an arbitrary number of times, 


Wescy oC EoLe eNeLe would be a choice of which operator 


wowabply at the (a Steger a Cerivatlon. 


In conclusion, we summarize our evidence for the 
Sonyaeceure: 
(1) open regular substitutions obey the conjecture; 
(2) the conjecture holds for operators of the form i(* ; 
(Ss) Gus ea) Homanmoper actor which preserves ae 


SO0te te eneemevelies, taen the conjecture holds for all 


one variable operators; 





tae 


(4) operators of the form 


‘ae + gee Bee nn + alae ae ae ) 
a n 1¥1 mm 


SoclscremEne con; ;eCccure. 


However, 


eo) eecmeeeclass Of linear réguiators is not closed under 
Eee olTeqular Operations; 

(6) the operator arising naturally in a generalization 
Geo ooo e Ges orcoes ve Context—-freeness. 


(5) and (6) show that some natural methods of proof 


cannot succeed. 
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